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Abstract.

In this thesis we discuss finiteness theorems for integral and rational points on
curves over number fields. We do this in two parts.

Part I of the thesis is concerned with upper bounds. We give pointwise upper
bounds for the number of: 0k s-points on an elliptic curve (this is joint work with
Wei Ho), ok s-points on a hyperelliptic curve, and large K-points on a hyperbolic
curve. We also give upper bounds on average for: ranks of elliptic curves in cer-
tain thin families, and the number of Q-points on odd genus two curves. For the
former we introduce a technique that should allow one to treat counts on invariant
quadrics in arithmetic statistics in considerable generality.

Part II of the thesis is concerned with effectivity. We give an algorithm which,
on input (g, K, S), outputs the g-dimensional abelian varieties over K with good
reduction outside S. We prove this algorithm always terminates under standard
motivic conjectures. (This is joint work with Brian Lawrence.) Using a theorem
of Bogomolov-Tschinkel, we give an algorithm that, assuming strong modularity
conjectures for GL, over all number fields, computes C'(K) for C/K a hyperbolic
hyperelliptic curve. We give an unconditional algorithm that determines the oy s-
points on a Hilbert modular variety in finite time when K is an odd-degree totally
real field. Because complete curves in such varieties abound this effectivizes Falt-
ings’ Theorem in some cases. Using a construction of Cohen-Wolfart, we give an
algorithm that, assuming the existence of motives associated to weight zero cusp-
idal automorphic representations of GL, over CM fields, computes C'(K) when K
is CM and C/ K admits a Belyi map over K with sufficiently divisible ramification
degrees. Finally we work out an example in detail: given K/Q totally real of odd
degree and ¢ € K*, we explain how to unconditionally compute C,(X), where

Cy 25+ 412 = .
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Chapter 1

Introduction.

Fortasse difficilior videtur res quae nondum familiaris est,

nam male sperant incipientium animi. ..

Diophantus, Arithmeticcfkp. 1, Book I).

In this thesis we study Diophantine equations. Matiyasevich, building on work
of Davis, Putnam, and Robinson, has shown that there cannot be a finite-time algo-
rithm that determines if an input f € Z[z4, ..., z,] has a zero in Z". It is expected
that the same conclusion holds when the inputs are restricted to Z[z1, z2, z3]. In
this thesis we are interested in the same problem when the inputs are restricted to
Z|x1, x5, or, what one quickly sees is the same, in the problem of finding points on
curves.

It is evident that there is a finite-time algorithm in the case of one variable —
i.e. when the inputs are restricted to Z[z], so that one is dealing with equations of
the form f(z) = 0 with f € Z[z]. In the case of two variables one similarly expects
a positive solution of this restricted form of Hilbert’s tenth problem, in contrast to
Matiyasevich: there should be a finite-time algorithm that determines if an input

/ € Z[z,y] has a zero in Z?, and indeed one expects the same to hold over Q as

1 of course, and for obvious reasons, in Latin translation [99]. Note, too, the relevance of
Chortasmenos’ famous scholium.



well. By desingularizing and treating the genus zero cases by hand, we arrive at
the core of the problem: is there a finite-time algorithm that, on input a smooth
projective curve C/Q of positive genus, outputs’| C(Q)?

Note that, for this question to even be sensible, we must know that we can

always output C'(Q) in finite time in the first place.

1.1 Partl.

Thus in Part I of this thesis we study finiteness theorems.

In Chapter 2, which is based on joint work with Wei Ho, we optimize Mordell’s
original invariant-theoretic proof from 1914 that there are only finitely many solu-
tionsto y? = 2*+Az+Bin (x,y) € Z*when A, B € Zand Ay p := —4A*>—27B? # (.

We prove specifically that the number of such solutions is

< 2rankEA,B(Q) . O(l)#l{p:p2‘AA,B}|7

where E, 5/Q is the elliptic curve with affine Weierstrass model £3; : 3> = 2% +
Az + B This leads to an immediate corollary controlling the average behaviour
of #|& jffB(Z)| when varying A and B, via Bhargava-Shankar’s results controlling
sizes of n-Selmer groups, and thus expressions like n'k #4.5(Q) on average, at least
when n < 5.

Mordell, of course, came to his finiteness theorem by first studying his name-
sake curves y* = 2* + k. In Chapter 3 we discuss a method to restrict the analysis
of Bhargava-Shankar to this subfamily Ej , at least for n = 2. This amounts to con-
sidering only those 2-Selmer elements, represented by binary quartics F' € Z[X,Y],

that lie on the locus /(F") = 0 — here the crucial point is that the classical invariant

ZNaturally in the case of elliptic curves F/Q we ask for F(Q)iors. and a basis of E(Q)/tors. in
the output instead.
3We note that this result generalizes to S-integral points over a number field K.
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I is a quadric in the five coefficients of F'. The fundamental idea, which is to count
solutions to the quadric /(F’) = 0 in five variables using the circle method, is due
to Ruth in his Princeton PhD thesis. We simply provide a trivial observation which
replaces difficult ad hoc analysis in his treatment. This allows for generalization,
and we treat the case of the yet thinner family £ 2, where 2-Selmer elements are
represented by pairs of binary cubics with vanishing invariant pairing, as another
example of the technique.

We turn next to higher-genus curves. In Chapter 4 we optimize the proof by
the famous mathematician| X in 1926 that there are only finitely many solutions to
y* = f(z)in (x,y) € Z?, where f € Z[z] is monic of degree deg f > 3 with nonzero
discriminant Ay # 0. Specifically, we prove that the number of such solutions is

< 2nkIacCr (@) A [od),
where C;/Q is the hyperelliptic curve with affine Weierstrass model C3" : 3 =
f(z)P] The method is to simply do a 2-descent (i.e. bound the sizes of the fibres of
the map CJ%H' (Z) — JacC;(Q)/2), though carefully — the best known bound, due
to Evertse-Silverman in 1986, was < #|C1(L)[2]|? - O(1)#1{PPI2s} where L;/Qis a
number field containing at least three roots of f.

However there is a more interesting finiteness theorem available in this context,
namely the incredible theorem of Faltings, formerly conjecture of Mordell, that a
smooth projective hyperbolicﬂ curve over a number field has finitely many rational

points. In Chapter 5 we work as explicitly as possible, showing in the particular

“Here X ~ Siegel, in his only published work between his arrival in Frankfurt in 1922 and his
1929 proof, combining his improvement on Thue’s theorem as an undergraduate with Weil’s recent
thesis, of his famous theorem on integral points on affine curves. Amusingly X* ~ Weil, a corollary
of one of many publications from his Nancago years: a 1957 note in Italian giving a counterexample
to a 1909 conjecture of Severi.

>Again this result generalizes to S-integral points over a number field K.

®We call curves of genus at least two hyperbolic, for obvious reasons (consider the universal
cover of the complex points).



test case of genus two curves that

Avg #|Cy(Q)| < 1

H(f)<X

for all X € R¥, the average taken over f(z) =: Z?:o a; - X°7', withag :=1,a; := 0,
and |a;] < X' for all . The technique is a combination of an explicit form of
Mumford’s gap principle, which was arguably the first step towards proving the
Mordell conjecture, with an explicit form, due to Bombieri, of Vojta’s gap princi-
ple, which Vojta used to give a second proof of Faltings” Theorem. Ultimately we
control #|C;(Q)| in terms of 2721kJ2cC7(@) and then cite a theorem of Bhargava-
Gross controlling the average of #|Sely(Jac Cr/Q)| over this family, generalizing
the theorem of Bhargava-Shankar we use in Chapter 2.

However to do this we must optimize the bound on the number of (large) ratio-
nal points given by Vojta’s gap principle, because the best-known bounds, which
are of shape < 7721kJ2cC5(Q) are not strong enough to be controlled by 2-descent.
We do so using the Kabatiansky-Levenshtein bound on sizes of spherical codes.
Because the argument works in full generality, rather than only in the particular
case of genus two curves with a marked rational Weierstrass point, we present it

instead in Chapter 6. The bound we get is
#‘C(K)large| < 1.872rankJaCC(K)7

where "large" indicates that we are restricting to points of large (i.e. > h(C') using
e.g. the tricanonical embedding C' — P%9~°) height, and the base can be improved
from 1.872 to 1.311 once the genus g of C'/ K is sufficiently large.

Thus ends our discussion of finiteness theorems.



1.2 PartIl.

Secure in our knowledge that C(K) is indeed finite when C'/ K is a smooth projec-
tive hyperbolic curve, we may again ask: is there a finite-time algorithm that, on
input (K, C/K) with K/Q a number field and C'/ K a smooth projective hyperbolic
curve, outputs C(K)?

In Chapter 7, which is based on joint work with Brian Lawrence, we answer:
yes, assuming standard conjectures about motives. Specifically, we produce an
algorithm that takes input (K, C/K) and, if it terminates, indeed outputs C'(K).
However, to prove it terminates, we must assume standard conjectures: the
Fontaine-Mazur conjecture, the Grothendieck-Serre conjecture, the Tate conjec-
ture, and the absolute Hodge conjecture. This is, in a very weak sense, reminiscent
of the descent algorithm to compute the rank of an elliptic curve £/Q, which, if
it terminates, outputs the correct answer, whereas to prove the algorithm does
terminate one assumes the finiteness of Il /g[2°°]. However the latter algorithm
actually terminates in practice, whereas no effort is made — here or in any other
part of this thesis — to remotely optimize runtimes.

In Chapter 8 we explore the idea of substituting standard modularity conjec-
tures for the above motivic conjectures. Specifically we use a trick of Bogomolov-
Tschinkel, and the observation that the triangle group A(2,6,6) is arithmetic,
to reduce the question of finding the rational points on a hyperelliptic curve to
that of finding those Jacobians of genus two curves over a number field K with
good reduction everywhere. Assuming a bijection between isogeny classes of
non-potentially-CM fake elliptic curves over K and characters of a Hecke algebra
acting on degree-|K : Q] cohomology of the locally symmetric space associated
to GLy/K, we explain how the latter question can be solved in finite time. What

results is an algorithm to find the rational points on a hyperelliptic curve assuming



standard, but completely out of reach (because one is forced to work over arbitrary
K /Q), modularity conjectures.

Even so, in Chapter 9 we succeed in producing from the ideas of Chapter 8 an
algorithm for a restricted class of curves which is completely unconditional. We
prove that there is a finite-time algorithm that, on input (o, K, S), with o an or-
der in a totally real field Fraco =: F/Q, K/Q an odd-degred]| totally real field,
and S a finite set of places of K, outputs #,(0ks), the finite se of [F : Q-
dimensional abelian varieties A/K with good reduction outside S and admitting
a map o — Endg(A). To do this we prove a result, which in the particular case
of Galois representations associated to Hilbert modular forms is an explicit form
of a theorem of Dimitrov, controlling explicitly in terms of F, K, and S the primes
for which the corresponding two-dimensional Galois representation associated to
such an A/K has small residual image. Using this, we then compute the finitely
many extensions (which depend on A/K through its residual representation at
the given prime, a representation with a priori bounded image and ramification)
produced by Taylor’s potential modularity theorem. Ultimately we reduce to the
following argument, already observed by von Kénel in the case K = Q when
Serre’s conjecture is known: if A/K is modular and has good reduction outside
S, with corresponding parallel weight two Hilbert modular eigencuspform f over

dim A :
* 4 /K, where v |oo is a chosen place at

K, then A is a K-quotient of Jac C,, (m)
infinity of K, m is bounded explicitly in terms of S, and C,, (m)/K is the Shimura
curve with full level-m structure corresponding to the quaternion algebra ramified
at exactly the infinite primes distinct from vg. Thus JacC,, (m)* ™4 ~ A x B

by Poincaré complete reducibility, so that one produces a bound on h(A) by us-

ing Bost’s lower bound on i(B) and the Masser-Wiistholz isogeny theorem. Ar-

"We discuss the even-degree case as well, but we leave the discussion of this case to Chapter 9
because the absolute Hodge conjecture intervenes in a mild way.

8Here, and for the rest of the thesis, we ignore stack-theoretic issues, since they are irrelevant for
these Diophantine questions.



guably the key point in the chapter is the following trivial observation: the ex-
tensions guaranteed by Moret-Bailly’s theorem are computable, since said theo-
rem may be rephrased as the statement that a certain recursively enumerable set
is nonempty. We note that, because Hilbert modular varieties are quasiprojective
with zero-dimensional boundary, complete curves on them, and, a fortiori, map-
ping to them, abound, so that this gives an algorithm determining the rational
points, over all odd-degree extensions, of a class of curves over, say, Q. Unfortu-
nately we lack a nontrivial criterion to characterize these curves!

In other words, it is not clear precisely which smooth projective hyperbolic
curves admit families of GLy-type abelian varieties defined, along with the relevant
endomorphisms, over a totally real field. However there is a very large class of
curves admitting such a family over a CM field, thanks to a construction of Cohen-
Wolfart. In Chapter 10 we generalize the methods of Chapter 9 to treat exactly
this class: the curves C/K over a CM field K/Q admitting a Belyi map C' — P*
defined over K with all ramification indices over 0, 1, co respectively divisible by
positive integers a,b,c € Z" such that  + ; + 1 < 1. Using such a Belyi map one
produces a non-isotrivial family of (hypergeometric) abelian varieties A — C of
dimension ¢(/N) and admitting Z[(x] < Endc/k(cy)(A). Thus by using this family
we see that, to determine C(K), it suffices to determine the finitely many ¢(N)-
dimensional abelian varieties A/K with good reduction outside S and admitting
Z[¢n] = Endg(cy)(A). Because of recent potential modularity results over CM
fields, we may simply imitate Chapter 9 to compute a finite set II of pairs (L, 7),
with L/Q(¢{x) CM and 7 a weight zero cuspidal automorphic representation of
GLy/L, such that all P € C(K) have fibre Ap/K corresponding to 7 after base
change to L. However, because we are working over a CM field and not an odd-
degree totally real field, where we could have applied the same Jacquet-Langlands

transfer argument as above, currently there is no way of determining in finite time

7



whether or not there is an abelian variety A,/L associated to =, so that we are
not able to compute C'(K) given II unconditionally, though we certainly may by
simply assuming e.gl| the existence of motives associated to such .

Finally, in the spirit of the Arithmetica, we work out an example. For K/Q a
totally real field of odd degree and @ € K*, we explain in detail in Chapter 11
how the above techniques allow one to unconditionally compute C,(K'), with C, :

294+4y® = . Mimicking the technique we use in Chapter 10, we form the hyperge-

1

ometric family A — C, associated to the hypergeometric function , F; A

oot Wl

and arising from the arithmetic triangle group A(3, 6, 6) — explicitly, for P =: (z,y)
with 2% # 0,a? 0o, Ap is the evident two-dimensional quotient of the Jacobian of
the (desingularization of the) genus 3 curve t% = s*(1 — s)3 (1 — g—‘; : s). Thanks to
an identity of finite-field analogues of hypergeometric functions, we find that the
corresponding abelian surface Ap/K has quaternionic multiplication over K ((3)
and indeed is of GL,-type over K. Moreover, because the family does not degen-
erate as 2° — 0, a?, or oo, it follows that the conductors of the various Ap/K for
P € C(K) are explicitly bounded. Since we have already seen how to determine
the GLy(F)-type abelian varieties over K with good reduction outside S given
(F, K, S), it is an easy matter to conclude.

Let us get to the details.

1.3 Notation and logical (in)dependence of the chap-
ters.

We set notation. By f < g, or equivalently f < Oy(g), we mean that |f| < Cy - g,

where Cy € R7 is a constant depending only on §. Of course f >y g, or equiv-

9We discuss other, likely weaker, hypotheses in Chapter 10.
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alently f > Qy(g), simply means g <y f. By f =y g, or equivalently f = Oy(g),
wemean f <y gand g <y f. By f < 0p_,oo(g) we mean that, for all ¢ € R*, once
6 >. 1, we have that | f| < ¢ - ¢g. Similarly f > wy_,oo(g9) means g < 0p_,oo(f). In this
thesis all constants left implicit will be effective.

To be precise, to say that Cy depends effectively on # means for us that there
is a finite-time algorithm, i.e. a Turing machine that terminates on all inputs, that
computes the function § — Cj. Because it seems this standard definition is not
completely universal'’} we have largely avoided the use of the word "effective"
below and used instead the terms "effectively computable", or, equivalently, "com-
putable", to mean the same.

We also use the word "explicit", which does not have a precise mathematical
meaning, besides implying effective computability. We use the standard meaning:
8 — Cyis explicitif it is not only effectively computable, but, informally, "one could
also actually write a formula down in terms of ¢ if one wanted to".

We will use arithmetic Frobenii and give cyclotomic characters Hodge-Tate
weight —1, though we assure the reader that there will be no delicate calculations
actually relying on these conventions.

Finally we comment that the chapters that follow are logically independent
from one another, except that if we state a standard result in one chapter we will
not restate it in another, that Chapter 5 will refer to Chapter 6, and that Chapters

10 and 11 will refer to Chapter 9.

OFor example, the phrase "effective Mordell conjecture” does not usually refer to an effective
form of Faltings” Theorem, but rather something closer to the abc conjecture and thus immeasur-
ably stronger.
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Part 1

Upper bounds.
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Chapter 2

E i{fB(o K.5): S-integral points on

elliptic curves.

This chapter is based on joint work with Wei Ho [7].

Abstract.

Let K be a number field. Let A, B € ox be such that Ay p := —16(443 +
27B?) # 0. Let S be a finite set of places of K containing all infinite places
and all primes p for which p*|A 4 p. Let ijfB :y? = 2% + Az + B be the affine

Weierstrass model of the elliptic curve E4 p/K. In this chapter we prove:

#1305 (0k,9)| < 2rk Eas(K) . O(1)#151. £1Cl(ok 5)[2]].

In the discriminant aspect this improves the best-known bound, due to
Helfgott-Venkatesh [55], from 2006. The proof is an exercise in optimizing a

technique introduced by Mordell in 1914 [70ﬂ

!t is amusing to note that this paper was, famously, rejected. It was eventually published in a
journal featuring, just two papers before Mordell’s, a paper titled "Tables of 1£27"+37"+47" + &c.
and 1 +37" + 57" 4 77" 4 &c. to 32 places of decimals" [52].
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2.1 Introduction.

2.1.1 Main theorem.

In this chapter we prove the following theorem. The proof is quite straightforward:
the technique can be summarized as making explicit Mordell’s classic proof of

finiteness of £3;(0x ) and applying a bound due to Evertse [45] in the endgameﬂ

Theorem 2.1.1. Let C' := 7*. Let K be a number field. Let A, B € ox be such that
Ay p = —16(4A% + 27B?) £ 0. Let S be a finite set of places of K containing all infinite
places and all primes p for which p*|A, . Let EY'y : y* = 2 + Ax + B be the affine

Weierstrass model of the elliptic curve E4 /K. Then:

#1630 (0 5)| < 2rnkEan () C#ISHL. 4 Cl(og 5)[2]].

2.1.2 A corollary.

It is routine to deduce from this (and the bounds of Bhargava-Shankar [19-22],
though see Bhargava-Shankar-Wang [23]] for the same theorems over number

fields) the following corollary.

Corollary 2.1.2. Let K be a number field. Let S be a finite set of places of K containing
all infinite places of K. Then:

log5
Avg  #|E(oks)| 2 <xps) 1.
E/K,H(E)<X

Here H(FE) denotes the absolute Faltings height of £, though the same statement in

terms of the usual naive height follows as well (note that for convenience one may

2One can optimize the implicit constants by applying various different bounds in the literature,
but we have not bothered because it seems that in the best case one would simply improve a con-
stant that is number theoretical to one that is merely astronomical.
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take S sufficiently large so that Cl(ok s) = 0 in order to easily define quasi-minimal
affine Weierstrass models etc.).

The only insight required in proving Corollary from Theorem is that
1
#{p|Ap : Nmp > H(E)*} < -

In other words, one can ignore large primes dividing the discriminant, after which

the analysis is straightforward.

2.2 Proof of Theorem 2.1.1

Proof. It is classical (see e.g. Lemma 2 of Birch and Swinnerton-Dyer’s [24]) that:

Sely(Eap/K) ~{F € 0x[X,Y] : F homogeneous, [ (F) = —48A, J(F') = —1728B,

7Z? = F(X,Y) everywhere locally soluble} /PGLy(K)

as sets, where I and J are the classical invariants of a binary quartic — specifically,

writing F(X,Y) =1a- X*+b- X3 +¢- X?Y? +d- XY3+e Y,
I(F) := 12ae — 3bd + ¢

and

J(F) := T2ace — 27ad® — 27b%e + 9bcd — 2¢°.

Thus e.g. the discriminant of F satisfies

A(F) = 21—7(413 _P).

13



We note that PGL; acts on the space of binary quartics by
(v F)(X,Y) o= (det )™ - F((X,Y) - 9).

Of course the action of PGL,(K') does not preserve integrality of the coefficients,
but its action still defines an equivalence relation on binary quartics in ox[X, Y],
and this is what we implicitly use to define the quotient.

It is also classical (see e.g. Theorem 3.2 of Bhargava-Shankar’s [21], though the

result is older) that the composition
Eap(K) = Eap(K)/2 = Sely(E4 p/K)
is simply
(z,y) = X* =61 X?Y? + 8y - XY? + (—4A —32%) - Y* (mod PGLy(K)).

It is evident that the image of £4";(0x.s) € Ea p(K) lies inside E4 5(K)/2 —
Sely(Eap/K). Because #|Eap(K)/2| = #|Eap(K)[2)| - 2rankBanll) < 4.
grank B4 5(K) it follows that, to prove the theorem, it suffices to show that the
fibres of the map €35 (0xs) — Selo(Ea 5/ K) are of size < 72 - C#I51- 4£|Cl(0g 5)[2]].

We introduce the following nomenclature.

Definition 2.2.1. Let R be a domain with fraction field L. Let F' € L[X,Y| be a binary

quartic. Write

4
F(X,Y)=) a;- X*7Y".
i=0
e Fis R-integral if and only if a; € R for all i.
e [I'is R-integer-matrix if and only if a; € (}) - R for all i.

e Fis demonic if and only if ap = 1 and a; = 0.
14



We abbreviate ok g-integral and oy s-integer-matrix as S-integral and S-integer-

matrix, respectively.

By inspection, evidently the image of £4;(0x.5) — Selo(E 4 5/K) lies inside the
(PGLy(K)-equivalence classes of) S-integer-matrix demonic binary quartic forms.

Therefore it suffices to prove the following bound.

Proposition 2.2.2. Let K be a number field. Let S be a finite set of places of K containing
all infinite places of K. Let F(X,Y) = X* +ay- X?Y? +a3- XY3+a4-Y* € 0g 5[ X, Y]
be a demonic S-integer-matrix binary quartic form such that A(F) is squarefree in o s f|

Then:
#|{y € PGLy(K) : y - F demonic S-integer-matrix}| < 7% - C#IS|. 4|Cl(0.5)[2]|.

To do this we simply follow our nose. Let F' € ok ¢[X,Y] be a demonic S-
integer-matrix binary quartic. Write F/(X,Y) =: X*+6ay- X?Y?+4a3- XY3+ay-Y*
with a; € 0xg. Let v € PGLy(K). Write v =: (25) with a,b,¢,d € ox. We simply
expand (7 - F)(X,Y) to find the following.

Lemma 2.2.3. Let K be a number field. Let S be a finite set of places of K containing all
infinite places of K. Let F(X,Y) = X*+ay- X?Y?+a3- XY?+a,-Y* € 0k 5[X,Y] bea
demonic S-integer-matrix binary quartic. Let v € PGLy(K') be such that v - F is demonic

and S-integer-matrix. Write v =: (¢ %) with a,b,c,d € o g. Then:
1. (a,b) = (a,b,c,d) as ideals of o 5, and
2. F(a,b) = (detv)? divides A(F) - (a,b)* in 0k s.

Remark 2.2.4. Note that in the above lemma the hypothesis that A(F') is squarefree in

ok,s does not appear. However, in our situation A(F) is squarefree in o g, and this

3This can always be arranged by enlarging S, of course. We state the proposition in this manner
because it corresponds to the situation of the theorem: S contains all p for which p?|A(F).
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has the following consequence in the setup of the above lemma. Evidently (since F' is a
homogeneous quartic) F(a,b) € (a,b)*, i.e. (a,b)*|(F(a,b)). Moreover, since F(a,b) =

(det v)? and since (A(F)) is squarefree in oy s, it follows that
(det7)* = (F(a,0)) | (A(F)) - (a,b)" = (F(a,b))|(a,b)".

Therefore we have that (dety)? = (F(a,b)) = (a,b)*. Hence by unique factorization we
also have that

(det7) = (a,b)?,

in other words that (a,b) represents a 2-torsion class in Cl(of g). This is the source of the

factor of #|Cl(ok,s)[2]| in the bound of Proposition [2.2.2]

In any case, let us turn to the proof of Lemma Because the lemma is
invariant under scaling the tuple (a, b, c,d) and its claims are local, it suffices to

prove the following.
Lemma 2.2.5. Let R be a principal ideal domain with fraction field L. Let F(X,Y) =
X4+ apX?Y?+ a3 XY?+a,Y* € R[X, Y] be a demonic R-integer-matrix binary quartic.
Let v € PGLy(L) be such that ~y - F is demonic and R-integer-matrix. Write v =: (¢ 9)
with a,b,c,d € R such that (a,b,c,d) = (1) as ideals of R. Then:

1. (a,b) = (1) as ideals of R, and:

2. F(a,b) = (det)? divides A(F) in R.

Proof of Lemma Write (a,b) =: (g), so that there exist «, 3 € R with a = ga
and b = gf. Since (a, ) = (1), there are &, 3 € R such that ad — 88 = 1. Let
5= (gg) € SLo(R), and let 1) := ¢& — dff € R. Let

. a b a —f g 0



so that v = U~.

We now show that g divides all the entries of U, namely ¢* | dety and g | 7. Let
F =7 F € R[X,Y], with no twisting necessary since 5 € SL,(R). Note that F is
R-integer-matrix, since the property of being R-integer-matrix is preserved by the

action of SLy(R). Write
F(X,Y)=ay- X*+a,- XY + a5 X2Y? + a5 - XY® +a, - Y* € R[X,Y].

Then (7 - F)(X,Y) = (dety)™2 - (U F)(X.Y) = (det)2 - F (9X + 5, 7Y,

Expanding, we compute that the X*-coefficient in ~ - F is

4

<wmam:meszwﬂﬁnij;

(det 'y)

Since it is also 1 by hypothesis, we find that { = ap € R. Thus ¢* divides

(dety)?, so g* divides det v. Now the X 3Y-coeff1c1ent of v- Fis

4¢°n - @y + g*(det ) - @

=0.
(det )2

(dety)n “/)
g3

Substituting for a,, we find thata; = —4- 1 € 4R (since f is R-integer-matrix).

Finally, the X?Y2-coefficient of v - f is

69°n? - ap + 3gn(dety) - a1 + (det v)? - ay 6n>
= ——— +ay
(det 7)2 g*

after substituting for @y and . Since a, € 6R and this coefficient lies in 6 R as well

(since both are R-integer-matrix), we deduce that ¢* divides 7%, so g divides 7.
Since g divides all the entries of U, we see that g divides all the entries of U -y =

7, implying that g divides (a,b,c,d) = (1), whence (g) = (1), proving the first

claim. Thus without loss of generality g = 1.
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Now since ¢ = 1 it follows that a; = —4ndet~, so det~ divides a;, and of
course (det~)? divides @,. We thus find that (det~)? divides A(F) = A(F) (since

every term of A(F)isa multiple of either @ or a?). O

Thus we have proven Lemma and hence (by localizing at all primes of
0k s and applying Lemma to the resulting discrete valuation ring) Lemma
We may now prove Proposition[2.2.2]

Proof of Proposition The key point is a trick that we will use again in Chapter
we represent the relevant ideal classes of 0k s by primes to make the application
of Evertse’s bound more efficient.

Recall that Cl(ok s) is a quotient of Cl(ox). Let P be a set of prime ideals of
ok for which the canonical map P — Cl(ok s), taking an element of P to its ideal
class, is a bijection onto Cl(ok s)[2], the 2-torsion subgroup of Cl(ok s). Note that
such a set of representatives exists by Chebotarev’s density theorem applied to the
Hilbert class field of K.

Lemma shows that for any v € PGLy(K) (represented by (%Y%) with
a,b,c,d € ogg) such that v - F' is demonic and S-integer-matrix, we have that
(a,b) = (a,b,c,d) as ideals of ox g and F(a,b) = (dety)? is a square dividing
A(F) - (a,b,c,d)* in 0x s. As noted in Remark it follows from the fact that
A(F) is squarefree in o s that (a,b)* = (det ).

Therefore, by our choice of P, thereisap € P and an o € K* for which
p=a-(a,bcd). Sincep C ox C ok it follows that aa,...,ad € ok g. Scaling
each of a, b, ¢, d through by « (note that this does not change v € PGL, (/X)) we may
without loss of generality assume that (a, b, ¢, d) = (a,b) = pin ox g.

Thus, given v € PGLy(K) for which v - f is both demonic and S-integer-matrix,

we get a pair (a, ) € 0% g, well defined up to the action of o ; (since v is an equiv-
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alence class of matrices in GLy(K) modulo scaling by K*, and we have pinned
down the ideal (a, b) via (a,b) = p with p € P).

We now claim that the map

®: {y € PGLy(K) : v F'is demonic and S-integer-matrix}

= (J{(a.b) € oic s [ (a,b) = p. (F(a,0)) = p'} ok s,

peP

taking v as above to the equivalence class of (a, b), defined as above, is injective.
Indeed, if 7,7 € PGLy(K) map to the same (a,b) € 0% ¢/0% g, Write y = (275)

and+' = (%)), and note that

. cd—cd .
Let \ = dy € K. Since

(V- NEY) = (") (v IEY) = (v IX +AYY)

and both v - f and 7' - f are demonic by hypothesis, it follows that A = 0 and so
~v =/, as desired.
Thus, the size of the domain of ® is bounded by the size of the codomain of ®.

To bound the size of the codomain we do the following. Write

My = {(a,b) € o g | (a,b) = p, (F(a,)) = p"}.

Thus the codomain is |, M, /0 -
Of course (F(a,b)) = p* implies that F(a,b) € o5 (p}- Thus we may upper

bound the size of each term M, /o ; as follows.
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Note first that the canonical map M, /oy ¢ = M,/0% g, taking equivalence
classes of elements of M, modulo the diagonal action of o ¢ to equivalence classes
modulo the action of the larger o ¢, is in fact a bijection. This is simply the fact
that, given « € K* and (a, b) € ok ¢ for which (a,b) = a- (a,b) = p asideals of ok g,
it follows that a € o 4.

Next we enlarge M, as follows. Observe that

M, C {(a,b) € 0%(,3u{p} t Fa,b) € 0;(,5'U{p}}7

and hence

Mp/ogSU{p} C {(a,b) € 0;{,Su{p} : F(a,b) € o}su{p}}/oﬁﬁu{p}.

Now we invoke Theorem 3 of Evertse’s [45]:

Theorem 2.2.6 (Theorem 3 of Evertse’s [45].). Let K be a number field. Let S be a finite
set of places of K containing all infinite places of K. Let ' € o s[X, Y| be a homogeneous

polynomial with at least three distinct roots in P1(Q). Then:
#{(2,y) € 05 Fla,y) € 0f g}/0ji 5| < 7GR #ED,
Applying Theorem with binary form F' and set of places S U {p}, we find

#]Mp/of(’s\
= #|Mp/°;<,5u{p}|

< #H{(a,b) € 0%(,5u{p} : F(a,b) € 0;(,3u{p}}/°fx<,SU{p}|

< 727 . C’#\S|_
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Summing this over p € P (and recalling that #|P| = #|Cl(ok,s)[2]|) to bound

the size of the codomain of ®, we find that:
#|{y € PGLy(K) : y-f is demonic and S-integer-matrix}| < 72" -C#ISL.4|Cl(ox 5)[2]],

as desired. ]

Thus we have proven Proposition As already noted, Theorem fol-

lows. O]

21



Chapter 3

Ey g(Q), Ey 12(Q): quadrics in

arithmetic statistics.

Abstract.

In this chapter we introduce a trick that allows one to apply Bhargava’s count-
ing technique to count points on invariant quadrics. As example applications
we give easy arguments bounding the average sizes of 2-Selmer groups in the
families Ey p : y* = 2° + B and Ej g2 : y* = 2° + B?. The fundamental idea,
which is to use the circle method to easily obtain precise counts in the "bulk”,
is due to Ruth in his Princeton PhD thesis [87]]. Our contribution is a trick that
trivializes the counting in the "tail". We also introduce a smoothed form of
Bhargava’s counting method, as well as a trick that allows us to deduce what
the Selmer average along the invariant quadric must be from knowledge of

the corresponding unconstrained average.
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3.1 Introduction.

In this chapter we introduce a trick that allows one to use Bhargava’s counting
technique to count points on invariant quadrics. We note that, up until now, with
the sole exception of Ruth’s Princeton PhD thesis [87], all applications of Bhar-
gava’s counting technique have been to counting points in various affine spaces
— in other words, they have ultimately reduced the question to counting lattice
points in sufficiently round subsets of Euclidean space, traditionally handled us-
ing Davenport’s standard lemmalf|

We detail this trick by way of treating two example applications. Write £4 5 :

y? = 2* + Az + B. We will only work over Q for simplicity.

3.1.1 Main theorems.

The first example application is a generalization of the main theorem of Ruth’s
Princeton PhD thesis [87] (see Theorem 1.1.2 of [87]) to sets defined by congruence

conditions.

Theorem 3.1.1. Let B C Z — {0} be a set of positive upper density defined by congruence

conditions. Then:

Avg  #[Sela(Eo5/Q)| < 3+ Op(ox-00(1)).

BeB:|B|<X

Here we do not allow a "congruence" at co (i.e. a specification of the sign of B) to
spare ourselves the notation, but such a result also follows from our technique. In
fact we also prove equality in the above when e.g. B is defined by finitely many
congruence conditions — or more generally is "large" in a sense analogous to that

of Bhargava-Shankar’s [21] — but rather than discuss the precise hypotheses on 3

'We point out that, using the smoothed form of Bhargava’s counting method described in Sec-
tion[3.2} the relevant lattice point count follows from Poisson summation rather than Davenport.
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needed for equality in the above statement we have left the theorem as a general
upper bound. Nonetheless we will explain how to prove the relevant uniformity
estimate, and thus the matching lower bound for such B, in the course of the proof.

We comment that we use the circle method to deduce that the right-hand
side is a product of local densities, and then we use knowledge of the aver-
age of #[Sely(E4 5/Q)| over both A and B (namely, that it is 3 + ox_x(1), by
Bhargava-Shankar’s [21]) to calculate said product without any local calculations
— specifically, we deduce that the right-hand side is 3 + ox_,o(1) as well.

As in Bhargava-Shankar’s [21], the problem immediately reduces to a ques-
tion about the number of binary quartic forms F' over Z with bounded (classical)
invariants /(F') and J(F') — however, because we are only dealing with the ellip-
tic curves Ej g (i.e. A = 0), we are only interested in those binary forms F' with
I(F) = 0. Of course, I(F) is a quadratic form in five variables, namely the coeffi-
cients of '/

The second application is to a question which arises in forthcoming joint work
with Manjul Bhargava and Ari Shnidman [6]. Note that the family is now y? =
x3 + B2
Theorem 3.1.2. Let B C Z — {0} be a set of positive upper density defined by congruence

conditions. Then:

Avg  #[Sels(Ey 52/Q)| < 3+ Op(0x-0(1)).

BeB:|B|<X

We note that we again employ the smoothed form of Bhargava’s counting
method described in Section and we again evaluate (sans calculation) the

product of local densities that arises by repeating the trick of passing from our

2Writing F(X,Y) = a- X*+b- X3Y +¢- X2Y2 4+ d- XY3 ¢V,

I(F) = 12ae — 3bd + ¢*.
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family y*+2B-y = 2 to a larger one — specifically, the family y*+as-zy+ag-y = 2*
— and using 2-Selmer average results on the larger family which do not employ
the circle method (see part (f) of Theorem 1.1 in Bhargava-Ho’s [18] — the relevant
parametrization is by triply symmetric hypercubes). We also again prove the
uniformity estimate required to deduce equality in the theorem for "large" B in the
course of the proof.

Here the relevant thing to count is no longer binary quartic forms F' over Z
with bounded invariants /(F) and J(F') with I(F) = 0 as in Theorem but
rather pairs of binary cubic formsﬂ F := (F\, F,) over Z with bounded invari-
ants I, (F), Is(F), where I, and I; are explicit polynomials in the coefficients of the
F; that are invariant under the natural SL, x SL, action, with one SL, acting via
changes of variable and the other SL, acting on the vector (Fy, F») [l

Moreover, the condition that these arise from a curve of the form E| 2 is pre-

cisely the condition that I,(F) = 0. This is a quadric in eight variables, namely the

coefficients of the F;.

3.1.2 Main technique.

Having stated the main theorems, let us discuss the method of proof. In order to
be specific, let us put ourselves in the situation of the first theorem: we would like
to count, up to PGL,(Q)-equivalence, the binary quartic forms F' € Z[X,Y| with
I(F) = 0and 0 # |J(F)| < X. Write then V := Sym*(2) for the space of binary

3To reconcile this parametrization with the usual parametrization of 2-Selmer elements of ellip-
tic curves by binary quartics, note that the discriminant form discx y (z - F1(X,Y) +y- Fo(X,Y)) €
Zlx,y)] is a binary quartic form associated to the pair of binary cubic forms (Fy, F5) with F; €
ZIX,Y].

4Of course I»(F) is simply the invariant alternating bilinear form on the space of binary cubics
— specifically, writing F;(X,Y) =:a; - X3 +b; - X2Y +¢; - XY? +d; - Y3,

Ig(ﬁ) = 3a1dy — bico + c1by — 3dqas.
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quartic forms. It is now standard that, using a method introduced in Bhargava’s
Princeton PhD thesis [14] and first carried out in this context by Bhargava-Shankar
[21] (let us ignore our smoothing for the sake of this discussion), the problem im-

mediately reduces to the problem of obtaining an asymptotic of the following form:

/ 1 cm/ du/ Pt #{F € Any - ar Go- LOV(Z)™ 2 I(F) = 0}
1 lul<1 1<t

KAKLX 24

1
~ const. - X 2.

Here n, := (1Y), a; := (tBI g), and d*z = %. We note that d* \ dut=2d*t dk is the
Haar measure on GL] (R) (the "+" denoting positive determinant) induced by Haar
measures on A, N, A, K under the Iwasawa decomposition GL] (R) = A- N - A- K,
where A are the scalars, N are the lower unipotents, A is the diagonal torus, and
K := SOy(R) is the maximal compact.

For the sake of exposition, the reader should imagine G, - L C V(R) as a small
ball of binary quartic forms of height < 1, and indeed should imagine (though also
keep in mind that this is a slight oversimplification) that the set A - n,, - a, - Go - L' N

V(Z)™d is simply the set Sapprox., Sy, of (a,b, ¢, d, e) € Z satisfying a, e # 0 and:

d| < - M,

le| << t*- 2.
Examining the integral, one evidently reduces to needing to treat

H{F e X-n,-a,-B-LNV(Z)™ : I(F) =0}
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Were there no condition I(F') = 0, this would essentially be counting lattice points
in a somewhat "round" set scaled by a parameter )\, which is simple — one invokes
an easy lemma of Davenport, which is precisely tailored for this sort of counting
problem, in the standard treatment. Indeed, examining the defining inequalities of
Sapprox., it is evidently quite simple to evaluate #|Sapprox.|-

Thus the entire difficulty is dealing with the condition /(#’) = 0. However we
are simply asking to count zeroes of a quadratic form in five variables that lie in
the scalings of a somewhat "round" set, and this is easy if the set is in fact quite
"round" — in other words, if we are in the "bulk" and 1 < ¢ <. )%, say, then
the defining inequalities of S,,prox. are all, up to X 0@ the same, so that Sapprox. 18
essentially a scaled cube, and it is straightforward to count the number of solutions
of a quadratic form in five variables lying in such a set, by the oldest forms of the
circle method. For convenience we follow Ruth and use the smoothed delta symbol

method, which trivializes the problem. In the end we obtain the asymptotic

#{F e X-ny-a,- B- LNV(Z)™% : [(F) = 0}| ~ const. - A2 4 O (\1275+06))

for a positive absolute constant > 0.

Thus the entire problem has reduced to treating the count when we are in the
"tail", i.e. * <. t < A. Here Ruth uses a difficult argument that again involves the
smoothed delta symbol method and is quite specific to the situation — so much so
that it is unclear if his argument generalizes from B = Z — {0} to sets defined by
finitely many congruence conditions, let alone to other quadratic forms.

Our observation is that the "tail" case is also obviously trivial. Specifically, it is

obvious that

#{F €X-ny-ag- B LOV(Z)™ : I(F) = 0}] < A0
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by the divisor bound: 12ae — 3bd + ¢* = 0 implies that a,e|3bd — ¢*. Because we
are dealing with elements in V(Z)™% (and thus a,e # 0), it follows that (b, ¢, d)
determine (a, ) up to < \°M choices, and the number of (b, ¢, d) isﬂ < A2
Because of the o(1) in the exponent, this bound is not quite as sharp as we
needed in the "bulk"”, but since we are in the "tail" we needn’t work so hard. The
point is that the condition ¢ >. A° combines with the ¢~?d*¢ in the Haar measure
(note that the exponent 2 is more than is needed for convergence, so to speak) to

A28 on the "tail" contribu-

imply that this bound is enough to give a bound <.
tion after integrating over v and ¢.

So in the end we obtain the desired asymptotic, which is equivalent to the the-
orem via Bhargava’s counting method. The argument in the case of pairs of binary
cubic forms is the same, and indeed the above argument easily generalizes to other
quadrics in at least four variables (so that the circle method analysis in the "bulk"
goes through easily).

Having described the method, let us now prove the theorems. We begin with

our remark on smoothing in Bhargava’s counting method.

3.2 Smoothing in Bhargava’s counting method.

Let us now introduce the aforementioned technical convenience that simplifies
Bhargava’s counting method, as first introduced in Chapter 5 of his Princeton PhD
thesis [14], though the trick of averaging over fundamental domains was first in-
troduced in the published version (see Section 2.2 of Bhargava’s [15]). The point is
that, while an average over G, (using the notation of the above outline) improves

the situation considerably, one is still integrating a "rough" function, namely 1,

>While we have seemingly used the special form of I(F) in this argument, this divisor bound
argument works in general — the point is that a binary quadratic form represents a nonzero integer
few times, because of a divisor bound in at most a quadratic extension.
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and it is wiser to instead integrate a compactly supported smooth function. We
note that this is completely natural from Bhargava’s original formulation — see
equation (4) in Section 2.2 of Bhargava’s [15], and note that we are taking (in his
notation) ® to be smooth and compactly supported, rather than the indicator func-
tion of a box.

In order to be specific, and for the reader’s convenience, let us work in the
setup of the proof of Theorem (it will be clear how to modify the construction
for Theorem and indeed in any application of Bhargava’s counting method).
Thatis, V := Sym*(2), G := GLy, L := LO [ LW ] LD [ L?) with

1 J
LO =Xy — — . Xy3+ = .yt Je(-2.2
{ 3 +27 ( 7) )
I

) 1 J
LW =iX3% -~ . Xy*+ — .y*: Te[-1.1 X3V + - XY34+ 2.yt —2.2

1 2—J 1
LG5 ::i{EX‘*— T-X3Y+§~X2Y2+Y4:Je (—2,2)},

and

F = {)\-nu-at-k:)\ER+,u€V(t) C [—%,%] > \/?,kESOQ(R)} C G(R),

Gauss's classical fundamental domain for G(Z) ~ G(R). Note that L is a funda-
mental domain for G(R) ~ V(R)27°. Observe that the points with I = 0 and
A # 0 are all in the G(R)-orbit of the two forms F, (X,Y) := XY + Z - Y*, which
lie in the interior of L(Y) (and thus lie in small compact subsets thereof). Thus the
following setup suffices for us.

Write, for each v € V(R)27°, v, € L for the unique element of L mapping to the
image of v under V(R)*7* — V(R)27*?/G(R) ~ L.

Let o € C*(G(R)) and 8 € C*(L) be compactly supported smooth functions

such that: o is SO (R)-invariant, fG(R) a=1,3(Fy) =1,and supp 3, 7 ({1}) € LM
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are both unions of two small compact intervals respectively containing F;. Let

A#0 are finite.

Note that this is a finite sum because stabilizers of elements of V' (R)

Via a and 8 we get a slightly more convenient wayf| to smooth out the vari-
ous integrals in Bhargava’s counting technique — instead of integrating the nor-
malized indicator function m - 1g, of Gy over g € G(R) (i.e. integrating over
g € Gy) and observing that ¢ - F is also (the closure of) a fundamental domain for
G(Z) ~ G(R) so that all counts are independent of ¢, we instead integrate a(g)

over g € (G and then make the same observation.

Specifically, we observe that, since
#{F € F-g-LNV(Z)"" ™ [(F) =0,0 # |J(F)] < X}
is constant in g (since F - g and F are both fundamental domains for G(Z) ~ G(R)

— the first main observation of Section 2.2 of Bhargava’s [15]), it follows that:

ngGO dg#|{F c f-g-LﬂV(Z)nontriV' : ](F) =0,0# |J(F)| < X}|
ngGo dg
:/ dgalg) - #I{F € Fg- LOV@P™™: 1(7) = 0.0 # ()| < X}
ge

The left-hand side is precisely Ruth’s N (Y (Z)"o"iv-| X).
We then manipulate this expression just as in Section 2.3 of Bhargava-Shankar’s

[21] (and implicitly in Bhargava’s [15]).

6Spec:ifically, this insertion of a smooth weight in Bhargava’s main trick in his counting tech-
nique saves us the effort required to remove smooth weights when applying the smoothed delta
method. We note here that we use /3 to ensure smoothness of ¢ — note that L(®) [T LV isa rectangle
missing two corners, and at the other two corners a similar definition of ¢ with 5 = 1 identically
would fail to be smooth. One can get around this, of course, but this choice simplifies notation.
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Evidently:

[ dgale)- #{F € Fog- LOV@™ 1 1(F) = 0.0 £|I(F)| < XY

= > /G(R)dha(h)'#I{géfigh'UL:U}\-

veV (Z)nontriv.: [ (v)=0,0#|J (v)| <X

But, using that f(v;) = 1if I(v) = 0 and A(v) # 0 (since this implies that

vy, = F} or F_), each integral can be evaluated as follows:

/ dha(h)-#{g € F:gh-vp =0}
G(R)

— Z dha(h) - B(vr) - #|{g € F : gh =~}

YEG(R):yvp=v G(R)

by definition.

Therefore we have found that:

N(Y (Z), X) = > /f dho(h™" - v)

VEV (Z)montriv.. [()=0,0%£|J (v)| <X

= /Fdh > o(h™ - v).

veV (Z)rontriv.. [ (v)=0,0#£]J (v)|<X
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The point is that a sum of shape } iz ®(v), or else e.g. >_ v ).1(s)=0 P(V),
is much easier to evaluate if ® is smooth and compactly supported. We note that
in the above calculation we did not use anything about / besides that 5(v.) = 1
for the v € V(Z) we were interested in counting. This suggests that one might, by
doing the above, replace the use of Davenport’s standard lemma (which is tradi-
tionally used to evaluate Y,y zjuoniiv..prm<x (A" - v) when @ = 1, and 3 = 1)
in usual treatments of the theorems of arithmetic statistics with an application of
Poisson summation. However, we repeat that, were supp 3 not small, ¢ would a
priori not be smooth, so that there would be some subtlety in carrying such an
argument out and obtaining strong error terms.

In any case we will use the above calculation to save ourselves the work of

unsmoothing the below arguments.

3.3 Proof of Theorem [3.1.1.

Now let us turn to the proof of Theorem [3.1.1}

3.3.1 Reduction to point counting.

For the reader’s convenience we use Ruth’s notation in what follows. Let V :=

Sym*(2). Let G := GL,. Let, for F €V,

I(F) := 12ae — 3bd + ¢,

J(F) := T2ace + 9bcd — 27ad* — 27b*e — 2¢,

so that the discriminant

A(F) =4I — J?,
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where we have written F(X,Y) = a- X* +0- X3V +¢- X?Y?+d- XY3 4+ e Y4
Let G ~ Vvia (g- F)(X,Y) := F((X,Y) - g). We note that, forg € Gand F' € V,

we have that:

I(g- F) = (detg)* - I(F),

J(g- F) = (detg)®- J(F).
Let L:= LO T LO ] LED ] LE) with

1 J
LO = {X3Y——-XY3+—-Y4:J€(—2,2)},

3 27
LY = X3Y—£-XY313-Y4;16[—1 1)U X3Y+1-XY3+i-Y4:J€(—2,2) :
3 27 ’ 3 27
1 2—J 1
L) =4 — X4\ | — = XY 4+ - X2YV2 4Vt T e (—2,2
16 27 T3 i €(=22) .

a fundamental domain for G(R) ~ V(R)279,

Let
" V3
Fi=¢An,-a-k: ANeR uev(t),t > T,kESOg(R) C G(R),

where v(t) C [—1,3] is [—3,3) when ¢ > 1 or else a union of two subintervals of
[—3, 3] when \/73 <t < 1 (just imagine the usual Gauss fundamental domain for
SLy(Z) ~ b, and note that ¢* corresponds to Jm 7 and u corresponds to PRe 7). Here

we have written

1 0
Ny = ,
u 1
t=1 0
Qy =
0 t



We note that F is a fundamental domain for G(Z) ~ G(R).

Let o« € C*(G(R)) and 8 € C°(L) be compactly supported smooth functions
such that: avis SO, (R)-invariant, [, a =1, (F4) = 1,and supp 3, 57" ({1}) € LW
are both unions of two small compact intervals respectively containing F,. Let
Gy ;= supp 3. Let

plv) = Y alg)-Blur).

gvL=v

Write V(Z)270 .= {F € V(Z) : A(F) # 0} and
V(Z)" Y= {F e V(Z)*7°: 0 ¢ F(P'(Q))}.

(Here we deviate from Ruth, and indeed Bhargava [14] and Bhargava-Shankar [21]]
in using the superscript nontriv. instead of irred., since in our view it is misleading
to call these irreducible.) That is, V(Z)"™""- is the subset of V(Z) consisting of
binary quartic forms with no root in P*(Q) — i.e., those binary quartics that do not
have a linear factor defined over Q.
Write
Y(Z):={FeV(Z):I(F)=0,J(F) # 0}

and Y (Z)"or™v- .= Y (Z) NV (Z)°"™-. We note that our Y (Z) and Y (Z)™""- play
the role of Ruth’s Y and Y™, respectively. Similarly, for M € Z" and I, € V(Z/M),
write

Yy (mod an)(Z) = {F € Y(Z) : F = F, (mod M)}

and YFO (mod M) (Z)nontriv. = YFO (mod M) (Z) N V(Z)nontriv..
Write, for S C V(Z),

#o|B(u,t,\, X)NS| = gp(at_l-n_l-()\-id)_l-F),
FeS:|J(F)|<X
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where we have disambiguated the action of A (which should really be the action
of (3 9)) by writing ) - id for clarity. We note that this is different from Ruth’s (and
indeed Bhargava’s) notation precisely because we have smoothed using a and
rather than simply 1, — though the reader may well imagine that ¢ ~ 14,1, in
which case #,|B(u,t, A\, X) N S| ~ #|A-n, -a; - Go- LN S]|.

Just as in Section 2.2 of Ruth’s [87], we find that the problem reduces to con-
trolling #.,|B(u, t, A, X) N Yg, (mod ) (Z)"™-|. We do this with the following two
lemmas. Note that Lemma matches Ruth’s Proposition 2.3.1 in form, except
that we have included a congruence condition in order to sieve to locally soluble
forms — Ruth overlooks doing this in his circle method analysis, but in any case
the argument is similarly straightforward. We note also that Ruth overlooks a fac-
tor of the form o..(u,t, A\, X) (specifically he overlooks the dependence on both A
and X — on page 12 he states that the condition |J(v)| < X is superfluous once
A < X2, thus one can drop it — this is false, since his definition of his 7’ depends
on a parameter C” and were this to be the case the Selmer average would also grow
with C, rather than be 3). Again, given his key idea of using the circle method in

this context, fixing these small details is simple.

Lemma 3.3.1 (The "tail" estimate.). Let
11 V3
R* oo/ < :
AE ,ue{ 2,2}, 5 <t A

#¢|B(u, t, A, X) N Y(Z)nontriv_’ <, /\12+0(1)'

Then:

Lemma 3.3.2 (The "bulk" estimate.). Let M € Z" and Fy, € V(Z/M). Let

11 V3
A€ERT - AR EOY
€ ,UE{ 2,2}7 5 = <
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Then:

#¢|B(u,t, )‘>X> N YFO (mod M)(Z)| = Uoo<u7t> )‘7 X) : Hap(YFo (mod M)(Z>)

P
+ O%M(tél . >\8+o(1)) + O@,M,N(tN . >\O(1)7N)7
where

dvo(a;t -n7t- (N -id)™ o)

u

UOO(“? ta )\7 X) = hr% fveV(R):‘I(v”SE’lJ(v”SX 5
E— c

and
Up(YFO (mod M)(Z>> = kh_)rgop_élk#HF € V<Z/pk) : ](F) =0 (mOd pk)a F= FO (mOd M)}|

We have written o (u,t, A, X') despite the function being independent of u and ¢
(via v — n, - a; - v) for notational convenience.

Just as in e.g. Theorems 2.12 and 2.21 of Bhargava-Shankar’s [21], we must
introduce a weight function ¢ : V(Z/M) — R (which will eventually be taken
to be a majorant of, in their notation, f — ﬁ) with M highly divisible. The
following weighted version of Lemma of course follows immediately from

Lemma

Lemma 3.3.3. Let M € Z* and ¢ : V(Z/M) — R. Let

11 V3
ACcRT —— S =<t
e 7u€|: 272}7 2 —_ <<

Then:

> b(Fo) - #l B, t, A, X) N Y, (mod an) (Z)]
FoeV(Z/M)
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= 0oo(u,t, A, X) - H%(Y(Z)) - lim M= Z ¢(F (mod M))
oM e FeV(Z/M*):I(F)=0 (mod M¥)

T Opn(ll6fl - - XY 1+ Oy (19l - £ - AODN).

We note that the p-adic local densities are of course exact analogues of the sin-
gular integral at infinity — one thickens p-adically by allowing I(F) = 0 (mod p*)
only, and then one takes a limit. It is because of this thickening that we easily
reduce the calculation of the constants to results of Bhargava-Shankar.

Let us first deduce Theorem from Lemmas[3.3.1land [3.3.2|

Proof of Theorem assuming Lemmas|3.3.1land|3.3.2, We reduce immediately

to the case of B defined by finitely many congruence conditions. Indeed,
assume Theorem for nonempty subsets of Z — {0} defined by finitely
many congruence conditions. Writing B, for the closure of B in Z,, and
B<r == {n € Z—-{0} : ¥p < T,n € B,} (thus B C B<r), we find that, as-
suming Theorem 3.1.1 for sets defined by finitely many congruence conditions

(and thus for B<r):

> #lSel(Eo/Q)

BeB:|B|<X

< Z #|Sela(Eo,5/Q)|

BeB<r:|B|<X
< (34 Opr(0x500(1))) - #[{n € B<r : [n| < X}

#|{n € Ber : n] < X}
= (3+ OB,T(OX—mo(l))) ’ < #|{7’L cB: |n| < X}|

)~#|{n€8:\n\§X}|

= 3+ 08(01500(1)) + Opr(0x00(1))) - #[{n € B+ [n] < X}].

Taking X — oo and then 7" — oo gives that

Avg  #|Sela(Eop 5/Q)| < 3+ Op(ox—-(1)),
neB:n|<X
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as desired.

Thus without loss of generality B is defined by finitely many congruence con-
ditions, i.e. it is of the form B = {n € Z — {0} : n = a (mod m)} for m € Z* and
a € Z/m.

We will appeal to Ruth’s Lemma 2.2.3 (proven in Section 4.3 of his [87] using
an analysis of the (monogenized) cubic resolvent ring arising from a binary quartic
form) to use the equality n(F) = m(F) outside a negligible set. Here we use the
notation of Section 3.2 of Bhargava-Shankar’s [21]]: n(F') is the number of PGLy(Z)-
orbits in the (intersection of V(Z) and the) PGL,(Q)-orbit of F' € V(Z)*7°, and

m(F) L Z #| AutPGLQ(Q) (F/)

a /
PePGLAUE (B PGLa@)-F) T AUtPGLa@) (F)]

1 5 #] Autpary,) (F)

/
P F'€PGLy(Zy)\(V(Zp)NPGL2(Qp)-F) 7| Autpar, a,) (F)]

= [[ma(F).

Let M € Z* with m|M. Let ¢ : V(Z/M) — R. We will eventually take a

sequence of majorants ¢,, of F' —ie ¢i(F) = = ¢u(F) = -+ = i for

1
m(F)
all F € V(Z)*7° — and apply the below to ¢,, and take n — oc.

As we have seen in e.g. Section

N<YFO (mod M) (Z)nontriv.7 X)

— /fdh > o(h™' - v)

veV (Z)rontriv.. [ (v)=0,F=Fy (mod M)

= d*\ / du / t72d%t #,|B(u, t, A, X) N Y, (mod ar) (Z)PM0|
/1<<>\<<X214 uev(t) \/ESKQ v o )

= dX)\/ dU/ t_QdXt# |B(U,t, )\,X) N YF mod M (Z)nontriv.|
/1<<>\<<X214 uev(t) VL <t<ns v o )

+ / dA / du / £720% 1 4| B, £, A, X) 1 Vi (o ary(Z)P"
1A X 24 lu|< At

1
2
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:/ . dx)\/ du/ 205 oot 1, A, X) - TT, 0 (Yo (mod 11)(Z))
1A X 2T we(t) VL <tens 1O, (th - NS+

+/ ) dX)\/
1k X 21 luj<i

=110,V mod 1) (Z / cm/ du/ 2%t oo (u, t, 0N, X
H ol o )< ) LA X u€v(t) @St«)ﬁ ( )

p

du / t72d%t Oy (APToW)
ALt

+ O(p M(leQ(6)+o(1))

=TT os(Y2 (o 10)(Z)) - im(2) - / N dut-2d*t / dvo((X - ag - n)~" - 0)
F

£—0 VeV (R):|I(v)|<e,|J(v)|< X

+ O(p M(XI—Q(é)-‘ro(l))

~ TL oV o a0 (@) - ig2) - | ao [ dnptit o)
€ vEV(R):|I(v)|<e,|J(v)| X heF

p

+ O@ M(XI_Q(6)+O(1)),

where each step of the above is either by definition, by Lemmas3.3.1jand [3.3.2} or

simply rearranging integrals or limits.
Recall that we saw in Section 3.2]that, for v € V(R)*7° with I(v) = 0 (recall that
then B(UL) = 1)/

/ dhgp(h_l-v):/ dha(h)-#|{g € F : gh- vy =v}|.
heF G(R)

Because we arranged that 5 = 1 on sufficiently small intervals around F., the same
identity holds for v € V(R)*7° with |I(v)| < e and |J(v)| > 1 when ¢ is sufficiently

small. Inserting this into the above, we find that the main term is:

(14 Om(X ™) - N(Yr, (mod an)(Z)*™, X)

= [T oY (moa ) (Z))

p

-hm(25)1-/ dv/ dha(h)-#|{g € F:gh-v, = v}
e—0 veV (R):|I(v)|<e,1<|J(v)|<X G(R)
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= [ v (¥ o 1) (Z))

-hm(zg)l./ dha(h)/ dv#|{g € F: gh-vp =v}|
e—0 G(R) veV (R):|I(v)|<e,1<|J (v)| <X

~TL vV twoa (@) - limg(20) - [ analr) [ v
€ G(R) vEF-h-L:|I(v)|<e,1k|J (v)| <X

p

- H op(YR, (mod m)(Z)) - lim(2¢) ™" - o

, €0 /vef-L;u(y)|ge,1<<|J(v)|gX

=2X H 0p(YEy (mod an)(Z)) - lim(4e - X) ™! / "
p e—0 veF-L:|I(v)|<e,1<|J (v)|<X
2X
= — | m- g (YF mod M (Z)) . 111’11(45 . X)_l / dv,
" ( ];[ o | =0 veF-L|I(v)|<e, 1| (v)| <X

where in the third-to-last equality we use that the inner integral is independent of
h (since F - h is also a fundamental domain of G(Z) ~ G(R)) and that | om @ =1
Note that the factor (1 + Op/(X™')) in the first line comes from the fact that we
have thrown out the v € V(R)A?"éO with |I(v)| < e and |J(v)| < 1in order to use the
equality [, - dho(h™ - v) = [, dha(h) - #[{g € F: gh vy, =v}|.

Note that, by Proposition 2.8 of Bhargava-Shankar’s [21] (we could avoid using

this to get from the leftmost to the rightmost terms in the equality, of course), we

have that
2C(2
(4e-X)7" / =22 140 x 1)
vEF-Li|I(v)|<e,|J(v)| <X 27
Jip,r000) 2
=(1+0(E-XY) — :
Ty rov, AT

using the notation of Section 2.4 of Bhargava-Shankar’s [21]]. This is the first step in
the trick of reducing the calculation of the product of local densities to the one done
in Bhargava-Shankar — at the moment, we have only dealt with the Archimedean

restrictions.
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So far we have found that:

| 9x Ji1,mo 20y 4V
N(YE, (mod M (Z)nontm‘,X) = (140 (X 1))— m - 0p(YE, (mod m)(Z)) |- : .
o ) m H P ) fLL' RO)(X2/4) dldJ

Note that

#res 01 <x) =2 (1+0(%)).

Just as in the passage from Lemma to Lemma we find that:

. O(Fb) - N (Vi (mod 4y ()™, X))

FoeV(Z/M):J(Fo)=a (mod m)

2X f]_[ R()(X2/4) dv

=(1+0(X™) —
m f]_[ R (x2/a) AT
m- Jim nit ) O(F (mod M)) | .

FeV(Z/nr):I(F)=0 (mod nr),J(F)=a (mod m)

where ny =[], p", say, and without loss of generality 7' > M so that M|nr.

Write ]lgf' for the indicator function of the Q,-soluble binary quartic forms F' €
V(Z,) (that is to say, those F for which Z? = F(X,Y’) admits a nonzero solution in
Q,). Write Lioc. so1. : =[] 17 Write

p “sol.”

¢*(F) . ]]-loc 501 H — H¢ip) (F)
on V(Z)A#%. Thus when 1 =: ¢ (F) > ¢/P(F) > --- > ¢P(F) > - - > ¢V (F) for

all F € V(Z,)2#° with ¢ : V(Z,)A#° — [0, 1] factoring through V (Z/p") (and not
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V(Z/p" 1)) and such that ¢ (F) — ¢\")(F) as n — oo, we find tha writing

¢n = gb?(zp) )

(and here is where we use Lemma 2.2.3 of Ruth’s [87] to replace m(F') by n(F') for
all but < X6 forms):

Avg  #[Sely(Eo5/Q) — {0}

BeB:|B|I<X
< (14 Or(0x500(1))) - (1 + 01500(1))

f CRGE)(X2/4 dv
e H LT > 6r(F)
f]_[iR(i)(XZ/zL) J

FeV(Z/n7):I(F)=0 (mod nr),J(F)=a (mod m)

Note that we have "thickened" by changing the constraint /() = 0 to I(F) =

0 (mod ny). Accordingly, we write

Inv®® .= {(I,J) € Z* : I = 0 (mod ny), J = a (mod m),4I° — J? # 0},

B)

and Invg’ C Zﬁ for its closure in Z]Q).

The trick is now to notice that, forall k € Z™,

> ¢r(F)

FeV(Z/nr):I(F)=0 (mod nr),J(F)=a (mod m)

_ n;&(k—l) . Z ¢T(F)7

FeV(Z/nk):I1(F)=0 (mod nr),J(F)=a (mod m)

70Of course one always has that, for a convergent sequence zj, € R, limy_,o0 Tr = Tk + 0k 00 (1),
but here we have written limy,_,oc x = (1 + 0x—00(1)) - 2k, which is only justified (for k sufficiently
large) when limy_,o 2 # 0. While we will see that the relevant limit is 2, technically we are not
yet justified in doing this and should carry the various additive error terms o, (1) through the

argument. However we hope the reader will grant us this notational simplification, since it makes
no difference to the argument.
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so that:

m- n}4 : Z ¢r(F)
FeV(Z/nr):I(F)=0 (mod nr),J(F)=a (mod m)

_ gyt ZFGV(Z/n’%):I(F)Eo (1wod nr) J(F)=a (mod m) PT(F)
i H#{(1J) € V(Z/nk) T =0 (mod ny). ] = a(mod m)}]

Now we note that

lim nz°F - > o7 (F)

k—o0
FeV(z/nk):1(F)=0 (mod n),J(F)=a (mod m)

dF ¢T(F)7

/FEV(HM 2y)-(1(F),J(F))ElT, cp Tovi

and so, by dominated convergence and Fubini (note that we are implicitly using
Proposition 3.18 of Bhargava-Shankar’s [21], and indeed arguing as in their proof

of Proposition 2.21 of their [21]), it follows thatﬂ

n;‘r’k . Z ¢T(F)

FeV(Z/nr):I(F)=0 (mod nr),J(F)=a (mod m)

= (14 0700(1)) - (1 + Or(05-00(1)))

dv P (v).

» /UEV(ZP):(I(U),J(U))GInvéT’B)

Similarly, we of course have:

np? - #1{(I,J) € V(Z/nk) : I =0 (mod nr),J = a (mod m)}|

= H / dIdJ
(I,J)emnv"®)

p<T

= (1+o0r500(1)) - ];[ /(M) oy LT,

€lnvy,

8See the previous footnote (about factoring out (1 + 0x 00 (1)) and (1 + o754 (1))).
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Combining all these, we find that:

Avg  ##|Sely(Eo 5/Q) — {0}

BeB:|B|<X
< (14 O0r(0x-00(1))) - (14 01500(1)) - (1 + Or(0k-00(1)))

(»)
) fLL-R“)(XQM) dv ' Hp fveV(zp);(I(U),J(v))emv;m) dv ¢.” (v)
J o x2 g A1T I, S et d1dT

But the calculations in Section 3.6 of Bhargava-Shankar’s [21] amount to the

statement that

(p)
Jrocem @ 1 Juev,w.swpeng® 4 87 ()

: =2
th RO (xz/a) H AT I, f(I,J)EInv;T’B) dldJ

Taking k — oo, then X — o0, and finally 7" — oo, we deduce Theorem O

3.3.2 The uniformity estimate.

In order to prove the matching lower bound (recall that we are in the special case
where B C Z — {0} is defined by finitely many congruence conditions) we simply
run the above argument with minorants instead — that is to say, we instead take
0= ¢V (F) < ¢P(F) <o <P (F) <. < ¢P(F) for all F € V(Z,)2#, with
bn : V(Zy)A7° — [0,1] factoring through V(Z/p") (and not V(Z/p"!)) and such
that ¢ )(F) — ¢ )(F) as n — oo. The argument is precisely the same, with the
exception of the first step.

Specifically, when proving the upper bound we implicitly used that the binary
quartics F' € V(Z) """ with I(F) = 0 representing 2-Selmer classes of Ey j(r)/Q
— i.e. such that Z? = F(X,Y) is nontrivially soluble in all completions of Q —
are in particular locally soluble at those p < T. However of course the converse

does not hold. So, just as in Bhargava-Shankar’s [21], we need only prove that
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the number of binary quartics F' in e.g. B(u,t, A\, X) N Y (Z) which are not locally

soluble at some prime p with p > Il is

\12+o(1)
[TlogIT

<

when e.g. I < MO0 and we are in the "bulk", so that t < \°(V).

Now, just as in the proof of Proposition 3.18 of Bhargava-Shankar’s [21], if ' €
V (Z)"o*v- is a binary quartic that is not locally soluble at p, then F' (mod p) has
splitting type one of (171%), (22), or (1*). But if moreover I (F) = 0, and thus I(F) =
0 (mod p), one gets much more: the splitting types (121%) and (2?) are not possible,
as one can see by e.g. explicit calculation| Thus F' (mod p) must be a fourth power
of a linear form, which is to say that /' (mod p) lies on the codimension 3 subvariety
Z C 'V given by fourth powers of linear forms, namely the affine cone on a rational
normal curve.

So it follows that we may bound the number of ' € B(u,t, A\, X) NY(Z) which
are not locally soluble at some p with p > II by the number of F' € B(u,t, A\, X) N
Y (Z) for which the reduction F' (mod p) € Z(F,) for some p > II, and then the
desired bound follows from invoking Theorem 1.1 of Browning-Heath-Brown’s

[33].

3.3.3 Point counting.

Let us now prove Lemmas[3.3.1Jand [3.3.2l We note that we will give an essentially

one-line proof of Lemma (namely, "use the divisor bound to determine a,e

“Working over F,, and changing variables suitably, this amounts to the assertion that

I(X? (X —n-Y)) =I(X*—-2n-X3Y +n? X?Y?) =n'.
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from b, ¢, d"), which subsumes the entirety of Ruth’s Section 3.5 (pages 29 — 37 of
[87]).

Proof of Lemma[3.3.1, Let F € X - n, - a, - Go - L N V(Z)™™™-. Write F(X,Y) =:
a-X*+0- X3 +c- X?Y?2+d- XY? +e- Y Evidently (by e.g. compactness of Gy

and L) we have that:

d| < - M,

0# le] < t*- A%

Therefore the number of tuples (b, ¢, d) € Z* among F € X\-n,-a;-Go- LNV (Z) o
is < A2,
Moreover, by hypothesis 12ae — 3bd + ¢* = 0, i.e. 0 # 12ae = 3bd — & < 5.

Thus (b, ¢, d) determine (a, e) up to < A°Y) choices. In other words, the map

A-ny - ap - Gy - LN V(Z)™ Y — 73

via

a- X*+b- XY +c- XY +d- XY +e Y (b cd)
has image of size < \!2 and fibres of size < \°). The lemma follows. O

As for Lemma we first note that it is essentially identical to Ruth’s Propo-
sition 3.4.1 (modulo the small inaccuracies in his treatment that we have already
mentioned), which he states without proof (since the range ¢t < \° with § < 1 is

easily dealt with using the smoothed delta symbol method).
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For the reader’s convenience we will give a full proof of Lemma anyway.

Proof of Lemma[3.3.2} Before we begin we note once again that it is not necessary
to use the smoothed delta symbol method, since we are asking about zeroes of
a quadric in five variables, something easily handled by the classical form of the
circle method.

We follow the notation of Heath-Brown’s [54]. Let wy € C2°(R) via

exp (—ﬁ) lz| <1
wo(x) = :

0 |z] > 1

Let

Let

wlgz) —w (4
oy 3 (%)

g1

Note that h(z,y) = 0 when z > 1 + |y| and that h(z,y) < 27!

We will first detail the argument in the case of M = 1 (i.e. no congruence
condition) and then comment on necessary modifications to more general M and
Fy € V(Z/M) as above.

Applying Theorem 2 of Heath-Brown’s [54] with his n = 5 and his Q = \*, we
find that:

> plat n - (A-id) - F)

FeV(Z)

=(AFHONA) D g D oY e G)+ G- &)

q>1 cev(z)* \ue(Z/q)* GeV(Z/q)

L o q I(F)
y) dF¢<at1~nu1-<A-1d>1-F>-h(ﬁ,7 e(~F -2,
FEV(R)
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2miz

where we have written e,(z) :=e <§> =e .
For us the error term will consist of those terms where & # 0, and the terms with
¢ = 0 will comprise the main term (in the end we will simply cite Heath-Brown’s
[54] for the analysis of the main term, which in any case is considerably simpler).
Via the change of variable F' — n,,-a;-(\-id)- F (note that (\-id)- F = \*- F' since
F is homogeneous of degree 4 — here (- id) - F' on the left-hand side indicates the
actionof A -id € Gon F € V via G ~ V, and the - on the right-hand side denotes

multiplication), we find that:

_ _ D q I(F
[ areat gt i) 1-F>~h(;, ;))-ea—ﬂa
FeV(R)

- /FeV(R) dF o(F) - h (%7 I(F)> ceq(=ATF - ((ny - a)' - @).

Therefore we see that the error term is:

A2 +ON(A™Y) -y a™ Y o> e G)+G -9

g>1 0£ceV (z)x \u€(Z/q)* GEV(Z/q)

./FGV( )ngp(F)-h(%,](F)) ceg(=A - F e ((ny - an)' - 9)).

Note that the ¢(F') term in the integral forces || F||. <, 1 if the integrand is to
be nonzero, and then our observation that i(z,y) = 0if 2 > 1 + |y| forces ¢ <, A\*
as well.

Note also that if ¢ < X - ||(n, - a;) - @]ec —i.e. if

q
)\475

(- ae)" - e >

— we find, by repeated integration by parts, that such terms contribute O, , v ("

>\O(1)—N).
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Now the complete exponential sum, which is just

Z Z €q<U'(12GOG4—3G1G3+G§)+(CoG0+ClG1 +C2G2 +C3G3+C4G4)),

u€(Z/q)* Go,...,G4a€ZL/q

is very easy to calculate (for a general quadric the same calculation works, but let
us just focus on our particular case). Let us calculate it in detail anyway. Because
the exponential sum is complete, we first reduce to treating the case ¢ = p® a prime

power. For simplicity of notation, let us deal only with the case p # 2, 3. Write
I*(G) == —(12) 7" - GoGy+ 371 - G1G3 — 471 - G2,

We first average over changes of variable G — v - G (and u — v~2 - u) with

€ (Z/q)*, getting:

Z Z eq(u . (12G0G4 — 3GlG3 + Gg) + (CDGO + ClGl + CQGQ + 63G3 + C4G4))
uE(Z/q)X Go,...,G4€Z/q

IR ONP I D +(v-9-0).

vE(Z/q)* we(Z/q)* Ge(Z/q)>

Completing the square (and scaling to remove the coefficients 12 and —3) in the

evident way produces:

Z eq(u . (12G0G4 — 3G1G3 + G%) +v- (C(]Go + ClGl + CQGQ + 03G3 + C4G4))

=, ((—(12) ' coes + 37 s — 47 ) - 0?) - Z eq(u - (GoGy+ G1G3 + G3)).
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= ol ( Z eq (I"(€) - v )) : (GO Z eq(u-(G0G4—|—G1G3—|—G2))) ,

—_~—

Writing I*(¢) =: p»("() . [+(¢), the first term is:

Y (@)

ve(Z/a)
0 vp(I7(0)) <e—1,
p(g) =pp—1) v, (I*(2)) > e,

w—l)me—l 0 (I'(@) = e = 1,p =1 (mod 4),

?)
\ ((TE) AV 1) ph w(I°(6)) = e—1,p= 3 (mod 4),

by Hensel’s lemma.

As for the second term, summing over G3 and G4 gives 0 unless Gy = G; =0 €

Z/q, so that:

YooY G (GGt GG+ G = Y > e u-G).
u€(Z/q)* Go,...,G4€Z/q u€(Z/q)* G2€Z/q

Now we switch sums and sum instead over u € (Z/q)*, obtaining a Ramanujan

sum: 0 if v,(G2) < e;—l, —p¢tif u,(Ge) = e;—l, and p(q) = (p—1)-p*if u,(Gq) > <.

Thus the full sum is:

Z Z eq(u- (GoGy+ G1Gs + G3))

u€(Z/q)* Go,...,G4€ZL/q

=q*- <—p61 - H
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In any case it follows that (the cases p = 2 or 3 being slightly more notationally

cumbersome), for general ¢ € Z:

Z Z eq(U'I(G)+é.a<< 0 Ip>3:0,(q) =1

ue(Z/9)* GeV(Z/q) gz oW Vplg :p > 3,v,(q) > 2,

and indeed one can sharpen the bound significantly — e.g. the sum is zero unless
plg and p > 3 implies v,(¢) > 2 and v,(I*(¢)) > v,(q) — 1, but we will not use this.
Now we return to the smoothed delta method. Again, the integral is nonnegli-

gible only for

q
)\475

(- a0)" - oo <

(in which case it is <, %4). Thus either & = 0, in which case the corresponding

summand contributes to the main term dealt with by Ruth (and by Heath-Brown

in [54]), or else & # 0, in which case we must have that ¢ >> ’\i; - since by inspection

(- @) oo 3> 74 - [[e]oe > 74

The error term is therefore:

< A\12+o(1) Z q—g

Aif Kg< 4, g powerful

Z /FEV(R) AFp(F) - (%’ I(F)> ceg(=A e ((ny - ar)' - 0)).

0£2eV (Z)*:]|8]| oK s

Bounding the integrals trivially (i.e. by <, ;) and noting that the number of 0 #

¢ € Z° such that [|(n, - a;)" - l|oe < 1= is

< t;'_f : (1 - ’i_f) : (1 + )\f_a> ' (1 t3 .iw) ' (1 + t4.i4—s>
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when % < ¢ < M, we get that the error term is:

: t* - t2- -
< 4. \Heto(l) Z qz.(14_/\4__3).(1_’_%).(14_/\4—_;]).(1_._—

%%<<q<<)\4, g powerful

<< tﬁ . )\8+5€

as desired.

Thus we have bounded the error term suitably. The required analysis of the
main term is already done in Heath-Brown’s [54] (see e.g. the bottom of page 51,
i.e. the end of the proof of his Theorems 4 and 5), at least in the case M = 1.

We now discuss the modifications necessary for general M € Z* and F, €
V(Z/M). First, in the application of the smoothed delta symbol method, instead
of summing over F' € V(Z), we sum instead over the ' € V(Z) for which F' = F;
(mod M) by summing over I € V(Z) and writing F := [, + M - I (we implicitly
choose a representative of Fj in V(Z) and abuse notation by writing it as Fy €
V (Z)). We then change variables from F back to F in the integral and incur a factor
of M~°. The rest of the analysis of the error term is precisely the same (except that
the primes one has to treat separately in the complete exponential sum calculation
are now those p|6M, and the error terms now depend on M).

It remains to treat the main term, i.e. the local densities. We note that, by defi-
nition, we find local densities

o (Fo (med M)) (y7 (7)) .= Lim p MU F e V(Z/PY)  I(Fy+ M - F) =0 (mod p)}.

p

We therefore are reduced to the claim that

M2 T oo med M (v(2)) = [ 00 (Y, (mod 1) (Z)).
P p

52



Of course for p 1 M we have that
oy (MY (2) = 0y (Vi moa a1) (2) = (Y (2),

via the evident change of variables F — M~ - (F — Fy).

However, it is also evident that

M=o ol tmod M (v (z)) = T [ oYy moa a1y (),
p|M p|M
for the following reason. For k € Z* with k > 1 we have that:

M2 H 0 (Yry (mod a1y (Z))

p|M

:M*5.H p

plM +O(p~Fer(D)

—4k-vp(M) #\{F € V(Z/pFveDY) . [(Fy + M - ]5) = 0 (mod pFv»(M))}|

= (1+O(e™ W) . M=% f{{F € V(Z/M") : I(Fy + M - F) = 0 (mod M*)},

by the Chinese remainder theorem and that fact that all p > 2.
Because the condition I(Fy + M - F) = 0(mod M*) only depends on
F (mod M*1), we find that:

M= {F € V(Z/M¥) : I(Fy + M - F) = 0 (mod M)}

= M~ #[{F € V(Z/M") : I(F) = 0 (mod M*), F = Fy (mod M)}

:Hp

pIM +O(p~For(D),

—Akup(M) L LF € V(Z/pPoe D) [(F) = 0 (mod pFor™)) F = Fy (mod M)}|
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Thus taking k — oo we find that

M-S H O_}()Fo (mod M))(y(z)) = H p(Yr, (mod M) (Z)),

p|M p|M

as desired. n

3.4 Proof of Theorem 3.1.2.

Now to the proof of Theorem 3.1.2]

3.4.1 Reduction to point counting.

We run the same argument as above, except our notation follows Bhargava-Ho’s
[18] rather than Ruth’s [87], and we appeal in the end to part (f) of Theorem 1.1 of
Bhargava-Ho’s [18] (rather than Theorem 3.1 of Bhargava-Shankar’s [21]) to calcu-
late the product of local densities. Because otherwise the argument is essentially
the same as in the previous section (in fact it is easier, since in the circle method
argument we deal with a quadric in eight variables instead of five) we will be a
significantly more terse in this section.

Again, we follow the notation in Bhargava-Ho’s [18] (the relevant parametriza-
tion is by triply symmetric hypercubes). Let V' := 2 ® Sym;(2), the space of pairs of
"threes-in" binary cubic forms. Let G be the image in GL(V') of {(g,h) € GLyxGL; :
detg - (det h)® = 1}, acting in the evident way on 2 ® Sym,(2) (the first GL; on
the first factor via the standard representation, and the second GL;, on the sec-
ond via the induced action on Sym; of the standard representation). Note that

G = (SL2 X SLQ)//JJQ
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We wrrite, forv € V,
1 1\ 24
H(v) i= max (L)}, [T6(0)|#)

where I, and I are the invariants a; and ag of Section 6.3.2 of Bhargava-Ho’s [17]
and a; and a3 of line 6 (corresponding to the family £7(3)) of Table 1 in Bhargava-
Ho’s [18].

Let R be a fundamental domain for G(R) ~ V(R)*7? (note that Bhargava-Ho
write V(R)%*#P := V(R)270), as constructed in Section 5 of Bhargava-Ho's [18] (via,
in their notation, R := [, R®). Let L := {v(@) : @ € (R™)52"} (here in their
notation m = 2 and v(a) is as defined in Section 4 of Bhargava-Ho’s [18]) and
A= {(A-id,id) € GLy(R) x GLy(R) : A € RT} C GLy(R) x GL2(R). Note that
R=A-L. Let RX):={veR: Hwv) < X}. Let Fy :=v((0,+1)) € L be the two
points in L with I, = 0.

Note that, by construction, since H((),id) - v) = A** - H(v), the coefficients of
ave M L CR(X)areall « A < X2, and hence, for G, C G(R) compact, the
coefficientsofav € A - Gy - L C R(X) are all <, A < Xo.

Let F be a fundamental domain for G(Z) ~ G(R), as constructed in Section 5.2

of Bhargava-Ho’s [18]. Note that F lies inside the following Siegel set:
FCN-A-K,

where



with notation as before: n, := (! 9) and a, := (¥, 9).
As before, let @« € C*(G(R)) and 8 € C*(L) be compactly supported
smooth functions such that: « is K-invariant, fG(R)a = 1, B(ﬁi) = 1, and

supp 3, 371({1}) € LW are both unions of two small compact intervals respec-

tively containing F. Let

pv) = ) alg)- Blur).
gvp=v
Let V(Z)rv- .= {(Fy, F3) € V(Z) : 0 € F;(PY(Q))}. Let Y3(Z) := {v € V(Z) :
L(v) =0, I(v) € B} and Yz(Z)"""Y- .= Yg(Z) NV (Z)" oy,
Write 1y, uy) := (N s Ny ), and similarly a, 1) = (ay,, as, ).

Let, for S C V(Z),

u

#.,|B(@, 1\, X)N S| := > plaz -ng' - (A-id,id) - (F1, o).
FesS:||Is(F)llee<X
Letalso Y(Z) := Yz_{0}(Z) and Y (Z)"™" := Yy_(oy(Z) 0"

We again see that it suffices to prove the following two lemmas. The proof that
these lemmas suffice, including reducing the evaluation of the resulting product of
local densities by using the same trick to reduce to the same evaluation done (for
the larger family F3(3)) in the proof of part (f) of Theorem 1.1 of Bhargava-Ho's

[18], is entirely the same as in the previous section, so we omit it.

Lemma 3.4.1. Let A € R",u; € [-1, 1], \/‘/73 <t; € \. Then:

#ol BT, X, X) 1Y (Z)70| <, A+,
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Lemma 3.4.2. Let ) # B C Z — {0} be a set defined by finitely many congruence condi-

11 V3
AeRT € |2, 2| = <t < A
e 7ue|: 272}7 2 —_ <<

tions. Let

Then:

Ho| BT TN, X)NYB(Z)| = 000 (T, £, A\, X)-[ [ 0p(B)+ O (][5 X T0)+0, n (|5 - 2D,

p

where

. . . dvp(azt - nzt - (X -id,id) 7t - v)
Ooo(Uy t, N, X) 1= lir% fveV(R)-\fz(U)IS&IIe(v)\SX 2( i
E— £

and

0,(B) := lim p~*" - #|{F € V(Z/p") : L(F) = 0 (mod p"), Is(F) = a (mod m)}.

n—oo

3.4.2 The uniformity estimate.

In fact the proof of the uniformity estimate is identical to the one proven in Section
for the following reason. Recall that, given a pair of binary cubic forms F =:

(F1, Fy) with each F; € Z[X, Y], one produces a binary quartic form via
Gp(z,y) =discxy(r- Fi(X,Y) +y- F2(X,Y)) € Z]xz,y].

Note that, as one can see by e.g. explicit calculation, I(F)|I(G 7)-

Now in fact one has by definition that the pair F = (F1, Fy) is locally soluble
at p if and only if Gz is locally soluble at p. Therefore to bound the number of
F € B(ii,t, A\, X)NY (Z) which are not locally soluble at a p with p > II, it suffices to

observe that the statement that F is not locally soluble at p implies that Gz (mod p)
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lies on a codimension 3 subvariety of the space of binary quartics, so that (after
checking the independence of the resulting three equations in the coefficients of F,
which in fact imply that either F} is proportional to F; or else F} = 0) F (mod p) lies
on a codimension 3 subvariety of the space of pairs of binary cubics, in which case

we may again apply Theorem 1.1 of Browning-Heath-Brown’s [33] to conclude.

3.4.3 Point counting.

The proof of Lemma is very much the same as the proof of Lemma We

give it here anyway.

Proof of Lemma[3.4.1} As mentioned, each coefficient of a (F(), F®) = F ¢
B(#@,t, A\, X) N Y(Z)™"" is <, . Applying the divisor bound, we determine
(Fél), F?fz)), up to <, A°D choices, from (Fl(l), F2(1), F3(1), FO(Q), Fl(z), FQ(Q)), and there

are <, A\° choices for the latter. O

The proof of Lemma is also much the same as the proof of Lemma [3.3.2}

We comment on the only two differences.

Proof of Lemma The only differences are the following. In applying the
smoothed delta symbol method (i.e. Theorem 2 of Heath-Brown’s [54]), we take
n = 8 and ) = A. In calculating the complete exponential sum, we note that,
because we have an even number of variables and thus the mod-¢q complete expo-
nential sums no longer vanish for ¢ prime, we instead use the bound < ¢°+°W) for
all q. For the same reason we no longer reduce to a sum over only powerful ¢, but
rather we sum over all ¢ < X in the bounding of the error term.

Otherwise the proof is mutatis mutandis the same. O
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Chapter 4

C?ﬁ'(o K.5): S-integral points on

hyperelliptic curves.

Abstract.

Let K be a number field, S a finite set of places of K, and f € ox|t] of degree
d > 3 a polynomial with discriminant Ay # 0. Write C?ﬁ' cy? = f(x) for
the affine Weierstrass model of the hyperelliptic curve C;/K associated to f.
Write Jy := JacCy. Let g € ok|[t] be a divisor of f of degree at least 3. Let

K, := K[t]/(g9(t)). In this chapter we prove:

#1C3 (01c,5)| < min (27287709 ]Cl(oxc,,5)[2]])- O ISl Ny A p| o1 1D,

This improves the best-known bound, due to Evertse-Silverman [46] (we note
also work of Bombieri-Gubler [29]]), from 1986. The proof is an exercise in
optimizing a technique introduced by the famous mathematician X in 1926

[108].
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41 Introduction.

4.1.1 Main theorem.

In this chapter we prove the following theorem. The proof is again quite straight-
forward: the technique can be summarized as applying a 2-descent and following

one’s (or Siegel’s) nose.

Theorem 4.1.1. Let K be a number field. Let S be a finite set of places of K. Let f € ok][t]
of degree d > 3 with discriminant Ay # 0. Let C?ﬂ' : y> = f(x) be the Weierstrass model
of the hyperelliptic curve C'y/ K corresponding to f. Let g be a divisor of f over K of degree
at least 3. Let K, := K[t|/(g(t)). Then:

log [Nm g /A |
3K /Q7F
d [ ~Q]'loglog|NmK/QAf\

#C5™ (01,5)| < min (2219, #|Cl(o,,5)[2]])-O(1)" #-0O(1)
(Here, to be clear, by o K,,s We mean the localization S~ 'o K, asano x-module,
where o, is the product of rings of integers of the various number fields whose

product is the semisimple K-algebra K,,.)

Remark 4.1.2. We note that the bound improves when one applies the same technique to
a superelliptic curve y* = f(x) with k > 2. The point is that one immediately gets to a

degree k Thue equation upon performing the 2-descent.

It is worth noting that standard conjectures imply that

#|Clok,.5) (2] < 1Ak, ["M < [Ag]" D . |Nm g gA | KD,

4.1.2 A corollary.

An obvious corollary (apply Bhargava-Gross [16] or Shankar-Wang [92]) is the fol-

1

lowing. We write, for f € ok[t], H(f) := max; |a;|7, where f(t) =: >, Gdeg f—i - t".
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Corollary 4.1.3. Let K be a number field. Let S be a finite set of places of K. Let d > 3.
Then:

Avg  #|CH (ok.s)| <k pisiae X°-
FH(P<XA;£0

We expect that one can do better with not much more effort (at least for odd d),
but that is beyond the scope of this thesis. Of course the bound is known[[| to be

much better when d = 3.

4.1.3 Class groups versus Selmer groups.

We also include in Section 4.3|an unrelated lemma inspired by Schaefer’s Berkeley

PhD thesis [88,89], which implies in our situation that
#(Selo(J5/K)| = #|Clog,)[2]] - Oq(1)EQ+HBIAN

— the point is that at all but the obvious primes the local conditions defining the

Selmer group and the class group in H'(K, J¢[2]) are the same.

414 Main technique.

The method of proof is to simply perform a 2-descent and find ourselves faced with
a Thue-Mahler equation, to which we apply Evertse’s bound. The descent proce-
dure is exactly the same as Baker [10] uses in his effective upper bound on the
heights of integral points on hyperelliptic curves, and is original to Siegel, under
the pseudonym X [108]. Evertse and Silverman [46] derive very similar bounds
using much the same method (namely, "just do a 2-descent"), but our bound is
stronger than theirs — crucially, we only have a factor of #|Cl(ok, s)[2]|, rather

than #|Cl(or)[2]|? for F/K a field containing three roots of f, which could a priori

'This problem was first treated in my senior thesis [4], though see Corollary of Chapter 2
as well.
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be much larger — because we are more efficient. (An improvement of Evertse-
Silverman’s result by Bombieri-Gubler (see Theorem 5.3.5 of Bombieri-Gubler’s
[29]) suffers from the same weakness.) We note that intuitively one expects a fac-
tor involving only the 2-torsion of the class group of K; when doing a 2-descent
since one passes to K /(K fx)2 in the course of the descent. The key reason we
are able to improve on Evertse-Silverman and Bombieri-Gubler can essentially be
summarized by the observation that one can use a Galois action to produce more
equations from one. It is also crucial in the argument that we represent ideal classes
by primes so that, in the eventual application of a bound due to Evertse on solu-
tions to a Thue-Mahler equation, the auxiliary set of primes is not too large (we

have already seen this trick in Chapter [2).

4.2 Proof of Theorem 4.1.1

Proof of Theorem Factorize
g = H 9i

into K-irreducible factors g; € ox[t] with
1<degg <deggo <---.

Note that (g;,9;) = (1) for each i # j because Ay # 0. Thus K, ~ @,;K,,, with
K, == K[/ (g:(1)).

We simply do a classical 2-descent on the curve to reduce to a Thue equation
over a small extension of K, to which we apply bounds on the number of solutions
due to Evertse. This reduction to a Thue equation is exactly the technique used
in Baker’s [10] first applications of his bound on linear forms in logarithms (we

note that he follows Siegel [108]), except that we sharpen the bounds that arise
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somewhat by using a trick to lower the cardinalities of the finite sets of primes in
play — precisely, we represent ideal classes of a number field by (not-too-large)
primes by using Chebotarev’s density theorem applied to the Hilbert class field of
said number field.

In any case, let us prove the bound.

421 Preparing for the descent.
4.2.1.1 Standard observations.

We note the following observation which is used freely throughout the argument.
By the Chebotarev density theorem (and its explicit error term) applied to the

Hilbert class field of K, each ideal class of K, contains a prime of norm
< |Ag,,|1°W.
We will also use the fact that

|Ax,,| < [Ag|O@) - [NmyqA |0,

Finally we will use the following standard observation. Let W C C¢(Q) be the
set of Weierstrass points of C'; — that is, the points (p,0) € C;(Q) for each root p
of f, and the one or two points at infinity, depending on whether d is odd or even,
respectively. Let co € W be a point at infinity. We embed C; — J; = Pic’(C})

via P — P — oo. Then, using this notation, we have the following isomorphism of

Gal(Q/K)-modules:

Jf[2]~IF2[W{oo}]/IF2~( > P).

PeW —{oo}
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The single relation arises from the divisor of y, and the fact that the points P € W

are 2-torsion is evident using the divisor of x — z(P). In other words, we find that
K;
IndK IFQ ~ IFQ D Jf[2],

where we have written Ind? (o) := P, Ind? ‘(o) with f =: [], f; the factorization

of f into irreducibles in o0 |[t]. Thus it follows that
HY (K}, Fy) ~ H'(K, IndFy) ~ H'(K,Fy) ® H (K, J;[2)),

where the first isomorphism follows by Shapiro’s lemma (and H'(Kj,e) :=

@, H'(Ky,, »)). By Kummer it follows that
HY (K, J¢[2]) ~ (K} /2)Nm=0,

where, to be clear, L* /2 := L* /(L*)2.

Thus by taking invariants of 0 — J¢[2] — J; — J; — 0 we obtain
Jp(IK)/2 = H'(K, J;[2]) ~ (K] /2)xm=0-

We write G C H'(K, J;[2]) for the image of this map. Note that the restriction
of this map to C;(Q) — W is simply (x,y) — = — p, where p is the image of ¢ in
Ky := KJt]/(f(t)). It is evident that, for p { A; a prime of K, v,(x — p) is even. We

note also that, writing

C = {B € (K} /2)xmen : ¥ C 0k, 0p(B) € 22} — H'(K, J;[2]) = (K} /2)nmens
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for the 8 € (K} /2)xm=n0 with v,(3) even for all p, we have thaiﬂ
0— of(f/2 — C — Cl(og,)[2] = 0

via

v (8)
B [0
p
4.2.1.2 Choices.

In order to be clear about the order of quantifiers, we fix ahead of time a few

choices. Let 1 < m < 3 be minimal such that

f: deg g; > 3.
=1

Let L/ K be the splitting field of []", g;. For each e : {p C ox, : p*|As} — {0,1}
for which J]z 5, p°® has ideal class in 2 - Cl(ok,, s), we let g be a prime of K, of

norm < |Ag, |°®) for which

;=[] »®

P2lAy
modulo principal ideals of 0k, s. (One exists by our Chebotarev argument.) Let,

for such e, 8. € K be a generator of the principal fractional ideal

II »e® a2

Note that 3, can be written as a quotient of elements of o K, of norm < |A K,, |00,

by Minkowski.

?In other words, since UIXQ /2 is small, we may think of the 2-torsion of the class group of K as

the elements of H' (K, J;[2]) satisfying certain (in fact, simply unramified) local conditions every-
where. Of course the 2-Selmer group is defined by matching local conditions at finite primes away
from 2A, which accounts for the closeness in size of Cl(ox,)[2] and Sely(J;/K) alluded to earlier.
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Let P be a set of prime representatives of Cl(o K,,.5)[2] in K,y of norm <
Ak, |90 (this exists by our Chebotarev argument). Because the primes of P
represent all elements of Cl(ok,, s)[2], the square roots of [], A, p°®) are of the
form gq. - p (modulo principal ideals) for p € P®. (Let us take (1) € P® as the

representative of 0 € Cl(ox, s)[2].) This finishes our choices.

4.2.2 The 2-descent.

Write f =: gh with h € ok[t]. Write p for the image of t in K,, = K[t]/(g:(t)). We
will only ever take 1 < i < m in what follows.

For (z,y) € Cf(ok,s), we of course have

= o= (200 - Tlae) - (o)

€T — p(z)

as ideals in o Ky, .S-
Now, if p divides two factors in this product, then p?|A. It follows therefore

that, by unique factorization into prime ideals, there is an
e {p Cok,.s:p*|As} — {0,1}

such that
@)= [ »"® 00

p2|Ay
where U denotes the square of an ideal of o K,,.s- It moreover follows that, for such

eV, Tlzja, p"”®) is a square in the class group.
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4.2.3 Preparing the Thue equation.

It follows — recall our definitions of 5. and q..) above — that there is an a; C
ox,, s for which

(z = pP) = (Bew) - o
By virtue of this equality it follows that there is a p; € P for which
a; =p;

modulo principal ideals of K,,. Hence q; is principal in of,_(p,3us- So let a; € ok, s

be such that

v = B0 (€ 0%, o)

where (€ of(gw (v;jus) denotes an element of the ({p;} U 5)-units of K,.
Let U be a minimal set of representatives of 0;(91-7 yus/2 (that is, modulo

squares). By Dirichlet’s unit theorem,

#|U(i)] & 2deggi-(#IS|+K:Q))
It follows that there are ¢ € U® and ") ¢ OIX(%., (ojus for which:
z—p =B - e (o u®)
Let then ; := B, - €® and n; := o; - u. Thus
(@)

z—p =}
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Therefore we find that, for each embedding o : K,;, — L extending our chosen

K C L, we have:

T — U(P(i)) =o(v) - 0(771')2'

Let then, for each j, 7, 3 deggir 0 TS deggs

be the K-embeddings K, — L.

Similarly let, for each j and Zf;ll degg; < k < 2‘3:1 deg g;,

In particular, for 1 <k < 3,

2
T — Rp = A+ [y,

as elements of L. Hence, for 1 < k # ¢ < 3, we find that:
Ko — K = A+ 1, — Ao - [

Let

Lie =L <\/)\_k \/A_g) .

Then we find:

(ke — ki) = (\//\_kﬁbk - \//\_é,ue> : <\/>‘—ka + \/)\_eue>

as ideals of oy, 1y, p,yus, where localizing oy, at {ps, p,} U S has the obvious inter-
pretation — we localize at all primes of o;,, that lie over either primes of S in K,
or over p; in K, , or p, in K,.

Let Dy, be a minimal set of representatives of {{ € oy, : {|(kk—Ke)} /0], (0, b 1us-

This is of course a finite set (since the number of ideals dividing a given ideal is
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finite as well), of size

#Drel < J] (wplre — me) + 1),

ql(kk—*re)

the product taken over the primes q of o, 1, »,3us that divide x; — x, (and hence
7*|Ay)-

Let also V}, be a minimal set of representatives of ozw (be.pe}US /3 (that is, modulo
cubes). Note that

#|Vk€| < 34-[L:Q}+4-[L:K]-#|S|.

It follows that there are vk + € Vig, Eker € Die, oot € oz%{pwe}us for which:

V Akt £V AeAe = (Vgex - Epes) - Q?e,i‘

Combining this information for the tuples ((1,2), %), ((2,3),¥F),((3,1),—), we get

the following equality:

0= (VA £ Vo) F (Vepz £ vV Aspis) + (V stz — Vi)

= (U12,j: ’ 512,i) ’ Cigz,i + (U23,j: ’ 523,1) ) C§3,¢ + (U31,— ) 531,—) ) Cgl,f'

We may of course rearrange this as:
(vog + - Ea3.4) - (Cozx - Cﬁ}i)g + (vs1,— - &31,-) - (Car - - CEQ?) = —vp2+ - 124

4.2.4 Evertse’s bound.

The form

Fo(X,Y) = (vaz s - E32) - X2+ (vg1,— - &) - VP € 0p,,,[ X, Y],
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where we have written Lio3 := L(v/A, VA2, v/A3), is a cubic form with nonzero
discriminant (by virtue of all vy +,&ke+ # O since they are divisors of kj, — kg
and hence of Ay # 0). Note that it suffices to take o -cosets of the solutions
of F.(X,Y) = —via 4 - &2+ because for both (X, Y') and (1X, tY") to be solutions we
would have to have t? = 1, so that the number of such ¢ is < 3. Now we apply The-
orem 3 of Evertse’s [45] (wWhich we have already reproduced as Theorem of
Chapter [2), which implies that, by this coset observation, the number of solutions

of

F (X,Y)=—viaq - &4,

with (Xa Y) € 0L193,{p1,p2,p3}US” is:

< 0(1)[L:QH'[L:K]'#|S‘+#|{pg0L123:P|§12,:t}|7

where we note that the number of primes dividing —vi5 1 - 12,1 is the same as the
count for &5 + because —v;5 1 is a unit. Because {2 1 is a divisor of k; — ko, it follows

that this number of primes is

< {p Cor:p*|As}

It thus suffices to show that our original point (z,y) can be recovered from the

solutions

-1 -1
F+(C23,+ : C12,+, C31,7 : C12,+) = —Vi2,+ f12,+

and

F_(Cos— - Cia -y Garm - Go) = —V1g,— - 19—
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up to O(1) many choices. To do this we simply multiply the two Y-coordinates

together to form
G,

Cio+ - C12,—'

Note that:

(V124 - E12.4) + (V12— E12.-) - (Gior - Grom) = (VA + vV apn) - (VA — vV Aopn)
= At — dogih

= K9 — K.

Thus it follows that

Ro — K1

Cio+ - Cio— = .
V12,4 - V12,— '512,+ : 512,7

Hence the product of the two Y'-coordinates is:

2 V12,4 * V12,— ° 512,+ ’ §12,—
C31,7 ) :

Ro — K1

We note that the term in parentheses is fixed (in terms of our choices up til now).
Thus we may recover (3, _, and hence (3;,— up to at most two choices. Having
done so we return to the Y-coordinates of both solutions and recover (5 + and

Ci2,—. Then the equality

2v/ A = (VA + vV ap2) + (VA — Vg

= (V124 - &121 - Ca ) + (V12— - 12— - Gy )
implies that we can recover 21/ 1. Squaring this we find that we can recover

AMpt = 4z — Ky).
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Since k; is fixed we can recover x, and then there are at most two choices for y

given z, so we can recover the point up to O(1) many choices.

4.2.5 Final bookkeeping.

From the above analysis it follows a point (z,y) € Cf(0k ) is determined up to

O(1) many choices by the data

1 1
(6( )a s 76(m)7 P, 7pﬂ’m 5( )7 s ’E(m)7 V12,+, V12—, V23 4, U23,—, U31,—, 612,4-7 5127—’ §23,+7 523,—7 631,—)'

We will now insert the bounds
[L:Q < [K:Q]
and

#1{p Cop:p*|Ap} < & #[{p C ok : p|AS}.

We will write

wi (Af) = #[{p C ox : p|Af}].

The number of choices for each ¢; is < 2¢“x(41), thus all of them together

contribute

< gfwn(ap,

Recall that
#|PY| = #|Cl(ok, s)[2]|-

Therefore a crude bound for the number of choices for each p; is simply

< #[Cl(ok,, s)[2]|, whence a similar crude bound for the number of choices
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for (p1,...,pm) is
< [ [#ICl(ox,, )2

=1
The number of choices for each £ is < 2¢*#ISI+1) 1t follows that the number

of choices for (¢, c? £®))is

< LIS+,

The number of choices for each vy is < O(1)* (KQ+#5) 50 the number of

choices for ('U127+, V12,—, V23,4, U23,—, U31’,) is
< O(1)*IKQ#1S)

Finally, the number of choices for each 4 is < Hm(m_,{j)(vp(mk — Ke) + 1),
the product taken over the primes p C oy, (. pus that divide x; — ; (and
hence p?|Af). We use the usual divisor bound to bound this by simply <

3. 7.0 08 INmK /A f ]
O(l)d e lestoe Nmre/08s1 since when Y, e;fi = n one has [[,(e;k + 1) < (k+ 1)™.

Therefore the number of choices for (£12.+, §12,—, E23 45 §23,—, €31, ) 1

log [Nm g /g r|
3K /Q7f
d .[K'@].loglog\NmK/QAf|

< 0(1)
Therefore the total number of tuples
(6(1), e b1 P, e®, ..., e, V12,4, V12,—, V23,4, V23, U31,—, 12,4, &12,—, §o3,.+4, §23,—, €31, )

is:
log \NmK/@Af|
KQ] log log |NmK/QAf\

<<ﬁ#w%mm04mﬁwumf”

=1
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Since we have seen that there are at most O(1) points corresponding to any given

such tuple, we find that:

log ‘NHIK/QAfl

#1CH" (oxs)| < (H #|01<0Kgi,s>[2ﬂ> SO #s . o) R G

i=1

But of course o, 5 =~ I 0K,, 5, SO that

Cl(ok,,s)[2] ~ @ Cl(ok, s)[2]

—i.e. we also have that

log |NmK/QAf\
3 .
d .[K'Q]-loglog\NmK/QAf|

#C5™ (05c5) < #|Cl(ox, 6)[2]] - O #15!- O(1)

To complete the proof of the theorem it remains only to note that (ignoring
Weierstrass points) the number of tuples (py,...,p,,) actually mapped to by S-

integral points of C/ is also
< H[G| < 241 grankJp(K)
This amounts to saying that the image of 3" (0 5) — W in (K} /2)nm=0 Via
(z,y) =z —=p
is of size < #|G/|. This is evident because the map factors as
Ci(ox.s) = Cp(K) = Jp(K) — Jy(K)/2 = H'(K, J;[2]) = (K[ /2)xm-0,

as already noted. O
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4.3 Class groups versus Selmer groups.

This section is unrelated to the main theorem of this chapter but was in fact the
main inspiration for the chapter. We note that the following lemma is very much
inspired by Schaefer’s thesis [89], where we learned about the very close quantita-
tive relation between class and Selmer groups (and which led us to think that exist-
ing bounds on the number of integral points on hyperelliptic curves were therefore
clearly suboptimal).

The lemma is as follows.

Lemma 4.3.1. Let K be a number field and f € ok[t] of degree d > 3 with nonzero
discriminant Ay # 0. Let C; /K be the hyperelliptic curve y* = f(z) associated to f and
Jg = JacCy. Let Ky := K[t|/(f). Then:

#|Sels( T/ K)| = #|Cl(ok, )[2]] - Oa(1)FUT# PRI

In fact Schaefer essentially proves this in his Berkeley PhD thesis [88|,89], except
that he is after a far more precise bound, which leads him to impose additional

hypotheses (that do not necessarily hold in general) on f.

Proof. We have already seen that H'(K, J¢[2]) ~ (K} /2)xm=n canonically. Write
S :=Sely(Jp/K) — HY(K, J¢[2]) and C for the image of

{B € (Kf/2)Nm=0: VP C ok, vp(B) € 22} C (K{/2)Nm=0
under this canonical isomorphism. Again, we have already seen that

0— o0k, /2— C— Clog,)[2] = 0.
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Let L := K(J;[2]). Evidently L/K is Galois. Note that C' may also be described
as the subgroup of elements of H'(K, J¢[2]) which map, under the inflation-

restriction sequence
0 — H'(Gal(L/K), J;[2]) — H' (K, J¢[2]) = Homgair/x)(Gal(Q/L), J¢[2]),

to everywhere unramified homomorphisms.
Write, for each place v of K, S, for the image in H'(K,, J;[2]) of J;(K,)/2 under

the boundary map arising from multiplication-by-2, i.e. from
0— Jg2]| = Jy — Jp — 0.

Write C, for the subgroup of elements of H'(K,, J;[2]) that map, under the

inflation-restriction sequence
0 — H'(Gal(L,/K,), J;12]) = H'(K,, J;[2]) = Homgay(r.,/x.)(Gal(Ly/ L), J¢[2]),

to unramified homomorphisms.

Then, since C' and S are defined by local conditions only, it follows that
c/(cnsS)=J]c./(CnS,)

and

S/(CNS) = []Su/(ConSy).

For v { 2A - co we have already seen that C,, = S, so that these are finite prod-
ucts. Otherwise we easily have (see e.g. Schaefer’s Lemma 3.1 [88] for () that

#|C,|, #|S,| <a 1. This completes the proof. O
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We note that we have implicitly used the bounds #|H' (G, J;[2])|, #|H*(G, J;[2])| <4

1 for G C Gal(L/K), which follow e.g. via bounding the number of inhomoge-
neous i-cocycles G** — J¢[2] trivially. Implicit in our improvement on Schaefer’s
thesis is that he uses hypotheses of the form H'(G, J;[2]) = H?*(G, J;[2]) = 0
for various ¢ C Gal(L/K) when he could just multiply various bounds by
#|HY (G, J;[2])| or #|H?*(G,J;[2])|. (Of course, he is trying for sharp bounds,

which significantly complicates matters.)
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Chapter 5

C'r(Q): rational points on genus two

curves.

This chapter is based on my [5].
Abstract.

We prove that, when genus two curves C'/Q with a marked Weierstrass point
are ordered by height, the average number of rational points #|C(Q)| is

bounded.

5.1 Introduction.

5.1.1 Main theorem.

In this chapter we prove the following theorem.

Theorem 5.1.1.
Avg  #[Cr(Q)| < 1.

f€~Funiv. H(f)ST

Here

5
Faniv. = {f(2) =Y a;- 2" € Zlz] s ag = 1,01 = 0, A # 0},
=0
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and, for f € Z[z] with f(z) = 3 a; - 2°~%, we write C; : y* = f(z) and

1

i

H(f) = mlaxlai

5.1.2 Main technique.

The key point is to bound the number of rational points on each C; sufficiently

well as to be able to apply the following theorem of Bhargava-Gross.

Theorem 5.1.2 (Bhargava-Gross, see Theorem 1 in their [16].).

Avg #(Sela(Jr/Q)| = 3 + or00(1).
fe}—univﬁH(f)ST

Here J; := Jac Cy/Q.
To do this we split C;(Q) =: Cp(Q)™ U Cp(Q)medivm U C'y(Q)""e. We prove
that

#’Cf (Q)medium| < Qrank Jr(Q)

(see Proposition |5.2.36| for a slightly more optimized bound) using repulsion, and
prove by hand (see Proposition 5.2.3) that

Avg  #CHQ™] < ormne(1)-
fefuniv.:H(f)ST

The latter generalizes to larger degrees (i.e. to larger genus hyperelliptic curves).
The inequality

#|Cf (Q)large’ < 2rank J;(Q)

follows from the more general Theorem of Chapter[6| Combining the three

bounds (and the usual 2742k A5) < 42|Sely(A/K)|) gives the theorem.
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Unfortunately we will have to use techniques that do not generalize to genus
g > 3 to prove Proposition [5.2.36| (specifically, known explicit formulas/equations
for the addition law/Kummer variety, and good control on local height differ-
ences). For example, our proof of an explicit form of the Mumford gap principle
depends on said explicit formulas: if P =: (z,y),Q =: (X,Y) € Cf(Q), then the
point on the Kummer surface J;/{£1} =: K; C P? (with embedding givenby 2-0,
and theta divisor given by the image of the Abel-Jacobi map corresponding to the

point at oo —i.e. the image of C'y — J; via P — P —00) corresponding to P + @ is:

2a5 + as - (X +2) +2a3 - Xx +ay - Xo(X +2) + X?2*(X + 1) — 2Yy

1, X X
) +ZE, z, (X—Zf)z

From this it is easy to read off an upper bound on h(P + @), and thus (ignoring the

height difference) an explicit form of the Mumford gap principle.

5.2 Proof of Theorem

Let us now prove Theorem We write F=1 .= {f € Faniv. : H(f) <T}.

univ.

The first thing to note is that |F=. | < T'. The second thing to note is that

if (%, g) € Cf(Q) is in lowest terms, then since (by clearing denominators of the
defining equation) d?|c?b° and b°|d? - (a® + (€ bZ)), it follows that d*> = b°> — i.e., that

all rational points on C} are of the form (%, %) in lowest terms.

Now, given f € For , write Cp(Q) =: I; UTI; U IIT;, withfl}

I} :={P € CHQ) : [«(P)| = 67 H(f),h(P) < (¢t — 6)h(f)},

L= {P € Cy(Q) : |o(P)] < 6~ H(f),h(P) < (e, — ()},

UIn the general degree d case, we have that |F5! | =< 7521 that o = WEDZ5 and that

univ. 3
¢, = % — 2, via precisely the same methods. (These values of ¢4 and ¢, are easily improved

upon in the general case.)
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N o +
=1uL,

—
<

I} = {P € Cy(Q) : [2(P)| = 6~ H(f), P & 17, h(P) <5~ h([)},

I == {P € Cy(Q) : [2(P)| < & "H([), P ¢ 15, h(P) < 6~ h(f)},

I3 := {P € C{(Q) : 8 "H(f) < [«(P)] < 6° "H(f),P €15, h(P) <5 h(f)},
Iy =11} UTI} U I,

Iy == Cp(Q) — (I UTIy),

25
Cr 1= —
T 37
C¢Z:8.

We will call points in I; small, points in II; medium-sized, and points in III;
large. In words, the decorations T, e, | indicate the size of the z-coordinates of such
points, and we have broken into: large points, and small/medium-sized points
with surprisingly large/surprisingly small/otherwise (the second occurring only

in the case of medium points) z-coordinates. Let us first handle the small points.

5.2.1 Small points.
We first turn to those small points with large z-coordinate, i.e. the points in I}.

Lemma 5.2.1.

> #I < 700

ferst

univ.

Proof. Certainly

> #I

fersT H(fH)=T

univ.’

< # (5,d,(l2,t,@3,d4,(15) t2 = s5+a2d433+"'+a5d107|ai| STlvAf 7é07
- (s,d) =1,(t,d) = 1,T < |s| < T, < 8 *|s|T
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and it suffices to prove the claimed bound for this sum (via a dyadic partition of
size log T'— note that we have restricted H(f) < T, rather than just < T).

We will say that an integer = extends the tuple (3,d, ...) if there is an element
(s,d,as,t,a3,a4,a;5) in the above set agreeing in the respective entries — i.e., s =
5,d = d, ... — and with value z in the next entry. (The tuple can be length one, or
even empty, of course.) For example, given an element (s, d, as, t, as, a4, as) of the
above set, a; extends (s, d, as, t, as, a4), ay extends (s, d, as, t,a3), and so on.

Given a tuple (s,d, as,t, a3, aq), of course there is at most one a5 that extends
this tuple — indeed, the defining equation lets us solve for a;d'°, and hence for as.
Next, given (s,d, as,t,as3), if both a4 and @) extend (s,...,as3) to (s,...,as, a4, as)
and (s,...,as, da},a;), respectively, then, on taking differences of the respective

defining equations, we find that
0= (as — ay)d®s + (a5 — a})d",

and so
T5 d2

ay — a)| K ——
|4 4| |S|

since |as|, |as| < T°. Moreover we also have that 0 = (a4 — a})sd® (mod d'9), i.e.
that (since (s,d) = 1)

as =a, (mod d?).
Hence the number of a, extending the tuple (s, d, as, t, as) is

T5
<L 14+ —.

5]

Similarly, if a; and af extend (s, d, as, t), then, with similar notation as before,

0 = (as — ay)s*d® + (a4 — a})sd® + (a5 — al)d",
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whence (here we use that |s| > T'd?)

la a’|<<T4d2
sl <

and, again, on reducing the equation modulo d® it follows that
a3 = ay (mod d?).

Thus the number of a3 extending (s, d, as, t) is

T4
L1+ —.

5]

Next, if both ¢, > 0 extend (s, d, az), then
(t—t)t+t) = (a3 — ay)s*d® + (ay — aly)sd® + (a5 — a})d",

and so
T3|s[2d°

t—t
| < t+t

Since 12 = 5% 4 ays3d* + azs?d® + aysd® + asd™® and |s| > 670 ' T'd?, it follows that,

once § < 1 (i.e. once J is sufficiently small), ¢t < |s|2. Thus we have found that
It —t'| < T%s|"2d°.
Moreover, since
t? = 5" + ays°d*  (mod d%),

and there are <. d° many such square-roots of s* + ays*d* modulo d° (there are <
2¢(d) to be precise, since (s, d) = 1), it follows that any such ¢ falls into <. d° <. T*

congruence classes modulo d° and inside one of two (depending on sign) intervals
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of length < T3|s|~2d°® whence the number of ¢ extending (s, d, a,) is

TS
T (1+—].
EE

Finally, since |az| < T2, of course there are only < T2 many a, extending (s, d).

Hence, in sum, we have shown that (on multiplying these bounds together and

summing over the possible s and d)

fE'FuSrAji—'V. T<<‘S‘<<TCT76 d<<|S|%T_% |S’2
T: T% T% T3
<. T2+5 Z |S|%T_% +T% i 2 n 2 n 23 n 22

sl Isl> sl

T<|s|<T°t~°

9
2

<. T° (T%m—m% 4 a0+
and this is admissible (remember that the size of the family is ") since ¢ = 2. [
Now we turn to those small points that do not have such large z-coordinates.

The ideas for this case are much the same as the ideas for the previous one.

Lemma 5.2.2.

Z #|L5] < TH00),
feFsT

univ.

Proof. In the same way as Lemma we write

Z #|I#| < #{(s,d, as,t,as,a4,a5) : t* = s° 4+ agd*s® + - - - + azd"°,
JEFSE H())=T

univ.?

0l STV Ap #0,(s,d) = 1, (t,d) = 1, |s| < T, & > 67 [s| T}

And, again, we argue by iteratively bounding the number of integers extending

a tuple, where our definition of extending is much the same as before (except the
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ambient set has changed). First, the number of a; extending (s, d, as,t, a3, a4)is < 1,
again because we can solve for a5d'’ and hence a; in the defining equation.

Now, if both a4 and da) extend (s,d,as,t,a3) to (s,d,as,t,as,a4,a5) and
(s,d,as,t,a3,a},a;), then, on taking differences of the defining equations, we
find that

0= (ay — ay)sd® + (as — a%)d",

and so 0 = (a4 — a})sd® (mod d'°) —i.e.,
as = a, (mod d?),

in much the same way as before. This time we simply use that |a4| < T* to get that

the number of a4 extending (s, d, as, t, a3) is

4

T
<<1+ﬁ

since if there is at least one solution, any other must lie in an interval of length 7*
intersected with a congruence class modulo d?.

In the same way;, if a3 and a} extend (s, d, as,t), we find that
a3 =ajy (mod d?),

and since |a3| < T? it follows that the number of a3 extending (s, d, as, t) is

3

T
<<1+ﬁ'

Now if ¢ extends (s, d, as), then since
t* = s° + ays®d*  (mod d°)
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and there are <. d° <. T° many square roots of an element of (Z/d®%)*, we find

that ¢ must fall in one of <. T° congruence classes modulo d°. Also, since
< T°d"

(since d? > T'|s|) via the defining equation, it follows that
It < T2d°.

Hence the number of ¢ extending (s, d, as) is

Té
<. T¢ (1+ %) )

Finally, |az| < T? implies the number of a, extending (s, d) is of course < T2

In sum, we have found that (here we use that we will choose § < 1 in the end)

T3 T3 T*
> #IG < T Y > <1+ 7) (1 + ﬁ) (1 + d2)
)

feFL 70 |s|<min(T % 6071 Td?

univ. dST
T3 T3 T*
. T T+ — | (1+= )1+ =
<< C—l—éz c|—46 Zﬂ—é<+d>(+d2>(+d2)
T <d<rz BT
T3 T*
2+
2 5 () R0
c¢—1 5 |S|<<Td2
d<T 2
<. TE (TW+2 +TC¢+%—5 +7+T10 _|_T225) ’
and this is admissible since ¢, = 8. O

Lemmas5.2.1land |5.2.2 together prove the following.

Proposition 5.2.3.

Avg #[I;] < 7790,
fersT

univ.
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This completes the small point counting.

5.2.2 Medium points.

We recall the notation C; : y* = f(z), J; := Jac(Cy), Ky := J;/{£1} for the curve,
Jacobian, and Kummer variety associated to f. Write co € C((Q) for the marked
rational Weierstrass point on Cy C P2. Write j : C; — J; for the Abel-Jacobi map
associated to oo, and write x : Cy — Ky for j : Cy — J; — Ky, ie. j composed
with the canonical projection J; — K;. We will embed K; C P? as in Cassels-
Flynn [36]. Explicitly, C; — Ky — P? is the map (z,y) — [0, 1, z, z%]. We define, for
P € C4(Q), h(P) := h(z(P)). We define hy to be the pullback of the logarithmic
Weil height on P? to K; via the Cassels-Flynn embedding, and, for P € K;(Q),
H(P) = lim,, o, M fnnp). We will omit j and & in expressions like hx (P + @) or

hi(P) for P,Q € C¢(Q) — of course these mean hi (j(P) + j(Q)) (with the inner

expression projected to Kr) and hk (k(P)), respectively, but since there will always
be a unique sensible interpretation there will be no ambiguity in dropping the
various embeddings.

Note that x(P) = [0, 1, z(P), z(P)? implies hx (x(P)) = 2h(P) forall P € C;(Q).
Thus e.g. our small point counting allows us to focus only on those P € C;(Q) with
hi(k(P)) > (16 — 20)h(f), since ¢y > ¢, = 8.

Having set all this notation, let us turn to bounding the number of medium
points on these curves. To do this we will establish an explicit Mumford gap prin-
ciple via the explicit addition law on J; — P! provided by Flynn [49] on his

website, and then use the usual sphere packing argument to conclude the section.
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5.2.2.1 Upper bounds on h(P + Q).

First let us deal with the gap principle. We will first prove upper bounds on ex-
pressions of the form A(P + Q). We split into two cases, depending on whether or

not the given points have unusually (Archimedeanly) large z-coordinate or not.

Lemma 5.2.4. Let P # +Q € C;(Q) with |z(P)],|=(Q)| < 6~ "H(f) and h(P) >
h(Q). Then:
WP + Q) < 3hg(P) + (5+ O(8))h(f).

Proof. Write P =: (X,Y) =: (35, 3),Q =t (z,y) =: (%, %), with (S, D) = (s,d) =
1. By Flynn’s explicit formulas, we find that:
(X - x)za (X - I)2<X + ZE), (X - ZL')2X1’,

K(P+Q)=
2a5 + as(X +z) + 2a3Xx + ap Xx(X + z) + X223 (X + ) — 2Yy

Clearing denominators, we find that:

k(P + Q)
D2d*(Sd?* — sD?)?,(Sd? — sD*)?(Sd?* + sD?), Ss(Sd? — sD?)?,
= | 2a5D%d" + ayD*d*(Sd* + sD?),
2a3D*d*Ss + ay D*d*Ss(Sd? + sD?) + S5?s*(Sd* + sD?*) — 2DdUwu

It therefore follows that, with these affine coordinates,
(P + Q| < Hg(P),
(P + Q)2| < Hi(P)’,

k(P + Q)s| < Hi(P)?,

k(P + Qs < H(f)°Hi(P)?,
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since | S|, |s|, D2, d*> < Hy(P)z and | X|,|z| < H(f) by hypothesis.
Next, for R = [kl, kz, k’g, k‘4] € Kf, we have that 2R = [51(R), (52(R), 53(R), 54(R)],

where:

O (K1, ky)
= dajask] + 8aikiky — 32azaskiky — Sagaskiks + dasky — 16aqask: ks
— 4a2a4k‘fk:2k3 — 16a5/<:1k;§k:3 + 4a4k§’k3 + 16a5k%k§ — 8a4k:1k2k§ + 4a3k§k§ + 4a2k2k:§
+ dagaskiky — 32ask? koky — 4agkkiky — Saskiksky — Saskikoksky — dask 1 k3ky + Skiky
+ dask?k? — dkoksk? 4 4k k3,
Sk, ... ky)
= agark} — 4dagaszask) + 1602k} — 4adask>ky
+ 16agask3ky + 4a2k2k2 — dagask ks — 6a2a,k> ks 4+ 16a2k3 ks — 32asask ks
+ 16asaskikoks — 20asaskikoks — Sasask, kiks + 8asksks + 5ask?ks + 16a2k?k3
— ldasask?ks — 12asask 1 kok3 + 32ask, koks + dasksks — 6ask ks + 16a4k1 k3 + asks
+ 4a2a5kfk:4 + 2a2a4k’fk:2k:4 + 8a5k1k§k4 + 4a4k§’k4 — 12a2a3kfk3k4 — 16a5kfk3k4
— 10a3k: koksky + 16a4k: koksky + Saskiksky + 16ask, kiky + 2askokiky + 4askik;
+ 8azkykok] + bagkik] — Sagk ksk] + 4k3k; + 4kok,
d3(k1, ..., ky)
= dagaik] — 16a3ask] + 8azasask] + 4azaikiky — 16asazask?ky — 3202k ks
— 8ayaskiks + dajk ki — 16asask ki — S8asaskiks — 16asaski ks — S8ajkikoks
— 24a2a5k1k§k‘3 — 8a3a4k‘fk‘§ + 24a2a5k‘fk:§ — 4a2a4k1k32k:§ + 12a5k§k§ — 16a5k‘1k’§
+ 8a4k52k‘§’ + 4a3k§ + 8a§kfk:4 — 32a3a5k‘§’k4 — 24a2a5kfk2k‘4 — 8a5k;§k4 — 4a2a4kfk’3k4
— 24ask koksky — dagksksky — Saskikiky + 4askiky — 12askik] — dagkikok? + dksk?,
da(k, ... ky)
= a2a3k] — 243k} — 4aasask] + Sasasask;
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— 16azazk] — Sasaikiks + 32a3askiky — 16asagasks ko — 2aza3k3 ks + Sasasaskiks

+ 16a2k3k3 + aiky — dazasks — 4azaikiks + 16asazaskiks + 32a2k} ks + S8aaskikaks

+ 16a4a5kfk2k3 — 8a2a5kg’k3 + 12aik%k§ — 32a3a5kf/€§ — 8a2a5k1k2k§ — 2a2a4k§k§

— 4a2a4k1k§’ — 8a5k2k3 + a2k54 2a4k’§ — 8a§a5ki’k4 — 12&2/{%]4:2/64 + 48a3a5kfk:2k4

+ 8a2a5k1k§k4 + 16a2a5/€%k3k4 + dagaskikoksks — 16a5k§k3k4 — 8a5k1k§k4 — 12a4k2k§k4

- 8a3k§’k4 — 2(12&4]{7%]@2 + 8a5k51k2ki — 2(12]€§I€Z + ki

In particular, (2R); = J;(R) is a homogenous polynomial (with Z coefficients)
of degree (12 + i,4), where we give the a; degree (i,0) and the k; degree (7, 1).
Hence (2" R); is homogeneous of degree (4V ! —4+-i,4") under this grading, with
integral coefficients (thought of as a polynomial in Zlas, ..., as, ki, ..., k4]) of size
On(1).

It therefore follows that:

|I{(2N(P + Q))z| <N max H(f)4N+1—4+i—oz1—2a2—3a3—4a4HK(P)3~4NH(f)5a4

a1 tastaztag=4N

< H(f)" " Hye (P
which is to say that (since Hx(R) < max; |R;| when all the coordinates R; € Z)

4—NhK(2N(P +Q)) < 3hi(P) + 5h(f) + On(1).

Now since we’d like a result about the canonical height, observe that:

WP+ Q) — sehw(@ (P4 Q) = 347 (b2 (P + Q) — 4hx(2'(P + Q)

n>N

=D AT AP+ Q) - (2"(P +Q)))

n>N
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£35S (0,27 (P Q) — AN (27(P + Q)

p n>N

where \,(R) := max; log | R;|, are the local naive heights.

Now, by Stoll [97] (see Corollary , we have that
[Ap(2R) = 40, (R)| < vp(Af)logp
(and the difference is 0 if v,(Af) < 1), whence this expression simplifies to

WP+ Q) ihK<2N<P+ Q)

=Y 47 Ae2"(P + Q) — 4 (2(P +Q))) + O(4 Y log |Af)).

n>N

Moreover, certainly (by examining the explicit expressions for 2R for R €

Ky (Q))
Ao (2R) < 4X(R) + O(R(f)).

Thus we find that the full expression is
<47h(f),

since

|Af| < H(f)*

Hence we have that

WP +Q) < 1xhx(@V(P+@Q)) + O h(p))

< 3hi(P)+ (5+ 0 ™M)h(f) + On(1).

Taking N =< log (6~') (which is < 1) gives the result. O
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Now let us handle the case of points with large z-coordinate.

Lemma 5.2.5. Let P # +Q € C;(Q) with |z(P)],|=(Q)| > 6% "H(f) and h(P) >
h(Q). Then:
(P + Q) < 3hi(P) = h(f) + O(6h(f))-

Proof. The proof follows in the same way as the previous Lemma, except now from

(P+0) (X —2)% (X —2))(X + ), (X —2)* Xz,
k(L + =
2a5 + ag(X + ) + 2a3Xx + ax Xx(X + ) + X?2*(X + ) — 2Yy

we see that

|£(P + Q)i] < max(|X], [a])"

without a factor of H(f)® for i = 4 (as we had last time), since both |z| and | X| are

so large. Thus, in the same way as the previous Lemma, we find that

|I€(2N(P+Q))i’ <<N X +HJIFE(11X " H(f)4N+1_4+i_a1_202_3a3_4a4-maX(|X|, |x|)2a1+3a2+4a3+5a4+41\’.
1+ toag=

Now since max(| X, |z|) > H(f), we find that therefore
52V (P + Q)i < max(| X[, [2])**" - H(f)~*".
Now since DSd8k(P + Q); € Z, we see that DS4" 54" k(2N (P + Q)); € Z, and so
4iNhK(2N(P +Q)) < 6log D + 6logd + 5log max(|X|, |z|) + On (1) + O(4 Vh(f)).

Since h(P) = 2log D +log | X |, we see that hx (P) = 4log D+2log | X|, and similarly
for hi(Q). Thus we find that

%NhK(?N(P +Q)) < 3h(P) —logmax(| X[, |2]) + On(1) + O(4"h(/))
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< 3hw(P) = h(f) + On(1) + O(4™VA(f)).

The rest of the argument (to turn this into a bound on the canonical height) is

the same. ]

This completes the upper bounding of 2(P + Q) required for the gap principle.
We will also need lower bounds on (P — @), which will require a detailed study

of what we will call \...

5.2.2.2 Definition of local "heights” and Stoll’s bound.

To begin with, let us define the local canonical "height” functions.

Definition 5.2.6. Let

Au(0) == A(0) + > 47 (A, (27 e) — A, (2%))

n>0

the local canonical “height” at a place v.

(Here A, (o) := max(log| e |,,0).) Note that this sum converges by the inequality
given in (7.1) (i.e., the treatment of the Archimedean case — at finite primes Stoll’s
explicit bounds on the local height difference have already been mentioned) in
[96]. Indeed, evidently one has the upper bound \,(2P) — A\,(P) < O(h(f)), and
the corresponding lower bound (and thus a two-sided bound uniform in P) is
given by (7.1). For completeness, note that the uniformity in P follows from e.g.
Formulas 10.2 and 10.3 in [96] — the bound only depends on the roots of f. It
follows therefore that each term in the sum is bounded in absolute value by a
constant depending only on f (in fact, the constant is < A(f) as well), whence
convergence.

We have written the word height in quotes because these ), are not functions

on K; C P?3, but rather on a lift (via the canonical projection A* — {0} — P?) that we
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will call K, the cone on K in A* — i.e. the subvariety of A* defined by the same
defining quartic. That is, these functions \, do change under scaling homogeneous
coordinates, but they do so in a controlled fashion — indeed, so that ) 5\1, = h
remains invariant.

Now we may state Stoll’s [97] bound on the local height differences at finite

primes.

Theorem 5.2.7 (Stoll, [97]).

Ao A< s0,(2'Af) logp  vp(Ag) > 2
P~ \pl =

0 ’Up(Af) S 1.

Note that this will be all we use to handle the local heights at finite places. Note

also that it immediately follows that:

Corollary 5.2.8.

. 1
Z [Ap = Al < glog |Ar[+O(1).
p

5.2.2.3 Analysis of )\, and the partition at co.

Thus we are left with studying 5\00. Following Pazuki [79], we will relate 5\00 to
a Riemann theta function plus the logarithm of a certain linear form (which is
implicit in his normalization of Kummer coordinates), and then prove that the
theta function term is harmless and may be ignored. Thus )., will be related to
a linear form involving roots of our original quintic polynomial f, except that we
will be able to choose which roots we consider. (This corresponds to translating
our original point by a suitable two-torsion point.) We will then prove that there
is at least one choice for which the resulting height is as desired, completing the

argument.
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So let

71 Ti2
T =: € Sym?*(C?)
Ti2 T2

be the Riemann matrix corresponding to J; in the Siegel fundamental domain 7
— that is, so that 7; is a symmetric 2 x 2 complex matrix whose imaginary part is

positive-definite, and so that || Re 7|| < 1,

Jng >JmTm > 2/31117'12 > 0,

and

ol%

Q
2
|
vV

Let
\I/f . Cz/<Z2 + TfZ2> ~ Jf(C)

-

be a complex uniformization. Let (a, b) be a theta characteristic (i.e., simply b e

527/7%). Let 0, : C* — C* via:
0.52) =Y e(ttitar i+ a) + (i +d,2 +5)
a,b 2 y I f 9 9

where e(z) := >, This is the usual Riemann theta function associated to the theta

-

characteristic (d, b).

Notice that ¢, is an even function if and only if (2d) - (26) = 0 (mod 2) —
indeed, one easily sees (via the change of variable 7i — —ii — 24d) that 0, ;(—Z2) =
(—1)4<‘7’5>9575(Z ). As usual we call characteristics (@,b) for which (2@) - (2b) = 0
(mod 2) even, and those for which this fails odd. Evidently there are exactly ten
even theta characteristics, namely @ = b = 0, the six more with either @ = 0 or
b = 0, the two with {@,b} = {(%,0),(0,1)},and @ = b = (, 1). The remaining six
characteristics are odd.
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Given a root « of f, we will write R, := (a,0) € C;(Q) for the corresponding
point on Ct, whose image in J; is two-torsion. If @ = oo we will interpret R, = oo.

Note that

J(C)[2] = {0}U{[Ra]—[o0] : f(a) = 0}U{[Ra]+[Rs]—2[c0] - o # B3, f(a) = f () = 0}

For ease of notation we will write

Qa,p = [Ra] + [Rs] — 2[oc] € J4(Q).
Let now
© :=im(j) =im (Cy — Jy) = {[P] — [00] : P € C¢(C)} C J4(C),

the theta divisor of Cy in J;. Regarding this theta divisor and these R, we have the

following famous theorem of Riemann [84]:

-

Theorem 5.2.9 (Riemann). Let (a, b) be a theta characteristic. Then: there exists a unique
Q € J;(C)[2] such that divo(0;5) = © + Q, where divy is the divisor of zeroes. Moreover,
the odd theta characteristics are exactly those that correspond to a point in the image of C

— i.e., either 0 or one of the form [R,] — [oc] [

Here we have used the abuse of notation ©+@Q := {([P]—[o0])+Q : P € C¢(C)}
for the translate of the theta divisor by the two-torsion point ). (Note in particular
that, for an even theta characteristic (7, b), 0,5(0) # 0since 0 & © + Q, 5! Indeed,
otherwise we would have some P for which h°(P + oo) = 2, which would be a

contradiction by Riemann-Roch.)

Indeed these are the only two-torsion points in the image of C/, since otherwise the existence
of a nontrivial linear equivalence R, + Rg ~ P + co would imply that there is a nonconstant
meromorphic function f on C(C) with dive (f) < P+ oo, which is contradicted by Riemann-Roch
(h®(c0 — P) = 0 since otherwise Cy would have a degree 1 map to P!, thus have genus 0).
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Of course by considering cardinalities we see that the six odd characteristics
are in bijection with the five roots of f plus the point at infinity, and the ten even
characteristics are likewise in bijection with the ten pairs of finite roots of f.

-,

Note also that a natural question is which characteristic (@, b) has div(f. ;) = ©

— i.e., which characteristic corresponds to 0 € J;(C). The answer is given by a

theorem of Mumford (see e.g. Theorem 5.3 in [74])E|

Theorem 5.2.10 (Mumford).

Henceforth we will write

(26

-,

call our characteristics y, and, for y = (a,b), we will write x, := @ and x, = b.
We will also write x, for the odd characteristic corresponding to the root p of f.
We will further write P, := j(R,), and P, := (0,1, p,p?) € K;(C) for alift of P,

regarded as a point of K(C), to A*. Let also ¢, be the following linear form:
Co(w, m,y,2) == p*w — pr +y.

Let us identify a lift of P, along our uniformization ¥; : C*/(Z* + 74 - Z?) ~

J¢(C). Write, for x a theta characteristic,

X=Xo+ T Xa € C%

3This is not strictly necessary for our arguments, though it is convenient to use the form of .
below.
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Lemma 5.2.11.

Pp = \ij(>~(00+>~(p)

Proof. Since K;(C)[2] Ndivy(0,,) Ndivy(fy.. ) = {0, P,}, it suffices to show that both
these theta functions vanish at this point, since were Yo, + X, € Z*+7¢-Z?, it would
follow first that (x~)a = (X,)a, and then that (xo)s = (x,)s, @ contradiction. But,

by explicit calculation, for x, 7 theta characteristics,

801D = Bren0) € (= G 77 ) = G0+ )

Taking n = xoo+X, and x = X, Or X« gives us the vanishing of both theta functions,
as desired. n

We note here that, as is e.g. easily verified case-by-case, for x, x’, x” distinct odd
characteristics, x + x’ + x” is even.

Next let us analyze the vanishing locus of /.

Lemma 5.2.12.
divo(¢,) N K¢ (C) = 2dive(0y,) =2(© + P,) (mod +£1).
Proof. Notice that, from the addition law, if P € K;(C) is not co or P,, then
Uy(k(P+ P,)1,...,k(P+ P,)4) =0.

The statement is also true for P = oo and P = P, by construction. This determines
¢, up to constants (and thus determines its zero divisor uniquely, since e.g. ¢,(P,) #
0 for v # p a root of f) inside x*Ops(1)(K ;). Now since the embedding is via £LE?,

and since ; , a section of this bundle, also satisfies these criteria (up to scaling by a
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nonzero constant), the conclusion follows from Riemann’s theorem. Alternatively,

one could see this by explicit computation. O

Now we have enough information to study ... For notational ease we will
write

E(Z)=0,(2)- o—m(Im Z,(mry) 1 Im Z)

Note that |=, | is invariant under translation by Z? + 7; - Z?, and thus descends to
a function on J;(C) — Supp(© + P,), and even further to K;(C) — Supp(© + P,) as

well, thanks to the absolute value.

Lemma 5.2.13. Let p be a root of f. Let £, (w,x,y, z) := p*w — px + yﬁ Then there exists
a constant c, € R such that the following formula holds. Let R € K ;(Q) — Supp(© + P,).
Let R € K; C A* be a lift of R under the canonical projection A* — {0} — P3. Let
Z € [=3,3? + 77 - [-5, 3% C C? (a fundamental domain of Z* + 7 - Z*) be such that

U(Z) (mod =+ 1) = R under the map C*/(Z* + 74 - Z*) ~ J;(C) — K;(C). Then:
Ao(R) = —log |2, (2)?] +log [(,(R)| + c,.

Proof. Note that Ay, (R) — log |¢,(R)| is invariant under scaling, whence it descends

to a function on K¢(C) — Supp(© + P,). Now note that

Awo(2R) — 10g £,(2R) || — 4 |\ (R) — log |, (R)]] = —log

by definition of .

“For the same theorem for other theta characteristics , one has to modify the linear form ¢, —

for Yoo,
goo(w, 1'7 y7 Z) :: w7

and, for xq,3,

bop(w, x,y, 2) = S 2a30‘(ﬂa+_a;;)‘2ﬂ(a th) ro’flath) wtaf-r—(a+p)y+z.

The modification of the rest of the theorem (replacing P, with P, + P, etc.) is straightforward.
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Now since

0y,(22)

[—log |2,,(22)%|] —4 [~1log|=,,(2)%|] = —log 0. (2

)

and in both cases the right-hand sides are of the form —log |G| with G a func-
tion on K; with dive(G) = [2:]*(2(0 4+ P,)) — 4 - (2(© + P,)), and both A\ (R) —
log |¢,(R)| and — log 2., (Z)?| are defined on K;(C) — Supp(© + F,), it follows that
the two functions must differ by a constant[| Indeed, since e.g. by the Baire cat-
egory theorem K;(C) — (J,,[2"] ' (Supp(© + P,)) is topologically dense (in the
Archimedean topology), for P any element of this set we have seen that, writing

F(P) := Aoo(P) = log [(,(P)| +log |Z,, (¥ (P))?

F(2"'P) —4F(2"P)

is independent of P and n, since we have seen that this difference must be constant
(since two meromorphic functions with the same divisor of zeroes must differ by
a multiplicative constant).

Hence F(P) = 1= F(2"P)+ Op(4™") for all P in this set. By choosing a sequence
n; such that 2" P converges to a point in K ;(C) — [J,c,[2*] ' (Supp(© + P,)) in the
Archimedean topologyf|, we see that F(P) = 0, and so, by continuity, we see that

in fact F' = 0 on the whole of K;(C) — Supp(© + P,), as desired. O

>For a more explicit way to see this, see the computer algebra calculations included in [5]. The
point is that, via Yoshitomi’s [110] formulas (stated in Grant [53] and originally from H.F. Baker’s
1907 book, [11]), one can express the quotient of theta functions considered above in terms of the
z- and y-coordinates of the corresponding points in the corresponding divisor in the Jacobian, and
now one is comparing two rational functions of x- and y-coordinates. Said compute algebra cal-
culations do this in the case of x = xo, — the other cases are obtained by translating by the corre-
sponding two-torsion point.

®One exists since otherwise P must be a torsion point, else its multiples would be dense in a
nontrivial abelian subvariety of K(C), whence in particular there would be a subsequence con-
verging to some 2V P with N sufficiently large. But all two-power torsion points are excluded, and
any other torsion points will become, after multiplying by a suitably high power of 2, odd order.
But an odd order torsion point has periodic orbit under the multiplication by 2 map.
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Let us apply this to the case of x,. We find then that:

Corollary 5.2.14. Let o # 3 be roots of f. Then:

f'()]2
cs = 2108 [0 54 xoo+xa (0)] + log la— Bl

Proof. Apply Lemma 5.2.13|to the point P, and note that

N P T
>\oo<Pa) - ZAoo(z-Pa) - §1Og |f (a)|7

since

(01(Py), ..., 04(Py)) = (0,0,0, f'(a)?).
Finally, we use the already-used fact that, for x, n theta characteristics,

1

B0(0) = D00 (= (o) = ().

]

We note here that the constancy of the right-hand side in « amounts essentially
to Thomae’s formula for the theta constants of this curve(!).
Thus we have an expression for the canonical local height at infinity. We will

only use a crude lower boundf|for the last term, so let us get rid of it now:

Lemma 5.2.15. Let « # [3 be roots of f. Then:

1
G5 > 210810, x 1 (0)] + 7 08 |Ag] = 4h(f) — O(1).

"In fact MaX 8. f(a)=f(B8)=0 “‘Na(fgf > H(f). To see this, take o to be a root with maximal

absolute value, and 3 to be the root closest to a. Since 5av = ., r(,)—o @ — p, it follows that
Slal < 3,20 f(p)=0 | — pl- Since each [a — p| < 2|a], at least three of the p (namely, all the other

roots besides o and ) must satisfy |o — p| > |a|. Since |a| < H(f), it follows that “;;(fgf >
H(f)% o — ﬁ\_%, and the claim follows.
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Proof. Since |p| < H(f) for all roots p of f (see Lemma [5.2.27), it follows that, for

all roots p, p’ of f,

o= p'| < H(f)

as well. (Thuse.g. |a — 8| < H(f).)

Now since

@)l =]1]lp—al

pFa
it follows that

A =TT le=pP=1F @ T le=rP <P H(f)*

p#p’ p.p' Fa,p#p’

That is to say;,

(o ’Af’%
Pl > ks

Combining all these with Lemma [5.2.14{ gives the claim.

]

Next we will show that we may ignore the contribution of the theta function.

Let us first upper bound =, (Z) — at first uniformly, and then in the special case of

Z = A+71;- Bwith A, B € [—¢,¢]*? we will obtain a significantly stronger bound.

Lemma 5.2.16. Let x be a theta characteristic. Then: for any Z € C?,

=,.(2) < 1.

Proof. By double periodicity, it suffices to take Z € [—3, 1% + 75 - [—3,1

a

fundamental domain for Z* + 7; - Z* in C*. We will bound E “trivially” — i.e., via

the triangle inequality. Note that, for such Z,

I2.(2)] < Z efw(<ﬁ+d,3mTf-(ﬁ+d')>+2(ﬁ+d’,3mZ>+<ﬂmZ,(erf)_l-JmZ>).

neZ?
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Now the term in the exponent is just

(i 4+ @, Im7y - (T4 @) + 2 (i +d@Im Z) + (Im Z,(Jm7,) - Im Z)

= (ii+a+ (Jmrp) " -ImZ,Imrs- (T+a+ (Jmrp) ™ -ImZ)),

i.e. we have completed the square. Now since Jm 7, > Jmm > 2Jm7, > 0 and

det Jm 7

Jm7; > 3, we have that (by considering 4 Jm7

) the eigenvalues of Jm 7 are both
> 1. It follows that

(v, (Im7) - v) > |[ll2

for any v € C?. Applying this to 7 + @ + (Jm7)~' - Jm Z, we find that this term is

> ||li+ad+ (Jm7r)™-Im Z| 3

Now since Z € [—1, 1]*2 4+ 7, - [—1, 1]*2 it follows that (Jm 7)™ - Jm Z € [-1 1], so
that
|7 +ad+ (Im7)™t-Jm Z||2 > ||7]]3 — O(1).
Therefore we have found that
ENAIRS Z e~ UIIE) 1,
neZ?
as desired. O]

Having uniformly upper bounded the size of =, (Z), we will now determine
the size of =, (Z) when Z = A+ 74 - Band A, B € [—¢,£]** — in particular, we will
also determine the size of the theta constants =, 5(0). To do this, we will simply
use Proposition 7.6 of [98] (originally from [63]), though we will modify it slightly

by allowing the argument of the theta function to range in a very small neigh-
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bourhood about Oﬂ By running the same analysis as is done in [98] (thus in [63]
— just factor out the relevant exponential and observe that the negative-definite
quadratic form in the exponent is strictly smaller away from the closest points to

the origin, and then compute explicitly for those points), we find:

Proposition 5.2.17 (Cf. Proposition 7.6 in [98]].). Let Z = A+ 14 - B € C? be such that
IA||, || B|| < e, with e < 1 sufficiently small. Therf’}

90,0,070(Z) =1,

|6%,0,0,0(Z)’ ~ ¢~ 1 ImTi+0(eImm2)

)

03 004(7)] = ¢~ FImnA0EImT)

|‘90 1 O’O(Z)’ = 67%3m72+0(€3m7—2)’
|‘90’%’%’0(Z)’ = @’% jmT2+O(€jmT2)’

|Ql 1 OO(Z)’ = 6—%(3m71+3m7—2—2jm712)+o(53m7_2)

272 ’

0111 1(2)] = |cos (m(Zy + Z)) - e (%) — 08 (1(Z) — Zy))| - e~ FOmn+Imn—23mrs)

1111
2722272
Note, of course, that for any Z we also have that

—log |2,(2)| = —log|6,(2)| + 7 (Im Z, (Im7s)~" - Im Z) > —log |6, (Z)]

8While the extension to Z # 0 sufficiently close to 0 is not necessary for our argument, if one is
using the canonical height with an even characteristic (and partitioning the fundamental domain
as we do in our argument) this generalized proposition is quite useful, and thus we include it.

Note that we have omitted the absolute values in the first four asymptotics: here, by C < 1 we
mean that there are positive absolute constants x > x’ > 0 such that |C — x| < «/. This technically
clashes with our definition of the symbol =, hence this explanation. Note that the condition for C
implies it for Re C.
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by positive-definiteness of Jm 7, so for the purposes of lower bounds it suffices to
just deal with the asymptotics of 6, near 0.

Now let us analyze the constants c,.

Lemma 5.2.18. There is a root p, of f such that, for all roots p # p. of f,
1
o 2 10 |Ag] = 4h(f) = O(1).

Proof. Observe that, for each « such that (x.). # (%,31), there is a § such that
(X + Xoo + Xa)a = (0,0). Indeed, (X + Xa)a # (0,0) € 3Z?/Z?, and so choosing

an odd characteristic X # Xa, Xoo With X4 = (Xoo + Xa)a, the claim follows from

Lemma 5.2.15/and Proposition 5.2.17] [

We note here that this immediately implies a lower bound on the canonical local

height at infinity for points very close to [0,0,0,1] € K;(C) in the Archimedean

topology.

Lemma 5.2.19. Let P =: (P,,..., Py) € K;(Q) be such that | P,,,| > 6= H(f)|P}| for

1 <i< 3. Then:

Aoo(P) = Ao (P) + O(Sh(f)).

Proof. We note that 2V P has the same property for N < §~!, where we define, for
R e Kf(@),
2R := (0,(R),...,04(R)).

Indeed, by the explicit formulas and the dominance of P, in all expressions, we

find that, if |R, 1| > C -6~ " H(f)|R,|, then

(2R); < R; - R,
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whence, for 1 <i < 3,
(2R)is1| > 6-C -6 "H(f)|(2R)|.
It follows that, for N =< 671,

4iNAOO(2NJ5> — A (P) +O(1).

(Here we have dropped the N in Ox(1) since ¢ is a (very, very small) constant.)
Note also that, for p a root of f, since |p| < H(f) (see Lemma 5.2.27),

0,(2NP) < (2N P)s.

Now using Lemmas and on 2V P, we find that

SolP) 2 2V P) + O (1),

whence the lower bound.
As for the upper bound, observe instead that A\ (2R) < 4\ (R) + O(h(f)) by
the explicit formulas, and then apply the Tate telescoping series to get that A, (R) <

Aoo(R)+O(R(f)). Now use the above argument, except with this upper bound. [

We find as corollaries the case of x(P) with P € C[(Q) with large xz-coordinate,

as well as the case of k(P —Q) with P # +@Q € C((Q) both with large z-coordinates.

Corollary 5.2.20. Let P € C(Q) with |z(P)| > 6% H(f). Then:
A (K(P)) = Ac (6(P)) = O(Oh()).

Proof. Since x(P) = [0,1,z(P), z(P)?], the hypothesis of Lemma 5.2.19|follows. []
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We also get a similarly strong statement for differences of two points with large

x-coordinate [l

Lemma 5.2.21. Let P # +Q € C;(Q) with |z(P)|,|z(Q)] > 6% "H(f) with
y(P),y(Q) = 0. Then:

~

hoolP = Q) 2 SN (k(P)) + A (5(Q)) + h(f) ~ O(GAS)).

Proof. Write P =: (X,Y) and Q =: (z,y). By switching, we may assume without
loss of generality that | X| > |x|. Note that, by hypothesis, since X° ~ f(X) =Y? >
0, it follows that X > 0, and similarly for z. Now let us examine the image of P — ()

in K;(C) — that is, the coordinates of

2 X 2a: X X 2,2
<1,X—|—x,Xx, as + as(X + ) + 203Xz + ay :U(X—}—x)_FXx(X_'_:L‘)_i_QYy).

(X —2)?

The first three coordinates certainly satisfy the hypotheses of Lemma so let
us show that the fourth coordinate is > #2X, which suffices since |z| > 60" H(f).
We bound the denominator by (X — z)?| < X? and note that the numerator is
X222(X + ) + 2Yy + O(H(f)*X?x). Now since Y? = f(X) = X5 . (1 + O(9)), it
follows that Y > X2 -(1+0(d)), and similarly for y. Thus the numerator is > X312,
as desired. Now Lemma applies and we are done. O

It remains to analyze c¢; when x5 = ((3,3),(3,0)).

10In fact we have the slightly stronger bound

Aso(P = Q) 2 %maX(Aoo(ff(P)), Ao (R(Q))) 4+ min(Aoo (£(P)); Ao (£(Q))) — O(Gh(f)),

which plays a role in bounding the number of integral points on these curves — e.g. for large points
it results in a gap principle of shape cosf < 1, matching the Mumford gap principle for integral
points observed by Helfgott and Helfgott-Venkatesh: one expects a right-hand side of % for rational

points, and o, for integral points.
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Lemma 5.2.22. Let f3 be such that x5 = ((3,3) . (3,0)). Then:
T 1
cg > —3 Jmm + Zlog |Af| —4h(f) — O(1).

Proof. We will take a such that y, = ((3,0) , (3,1)) , so that

,O) ,(0,0)).

N —

XB T Xoo T Xa = <(

It follows that, by Proposition

|0Xﬁ+Xoo+Xa (0)] < e i jmna

as desired. 0

We will next show that, when Z = A+7;-B and ||A||, || B|]| < ¢, theextra § Jm 7,

term in the lower bound for c¢3 will be cancelled by an improved upper bound on

0

XB*

Lemma 5.2.23. Let 3 be such that x5 = ((3,3),(3,0)). Let ||A||,||B|| < e and Z :=
A+ 14 - B. Then:

5y, (2)] < e~ (-0@Fmn

Proof. Observe that

1 1 1
ny + 5 ny + 5 1 + 5
-7 ,JmrTy- —27 JmrTe-B 77T<B,3m‘rf-B>
1 1 1
ng + 5 ng + 3 ng + 5

1 1
ni+ 3 ny+3
- +B,Jm - +B

1 1
- ¥ . n2 g n2 3

Ew(2)< > e
(n1,n2)€Z?
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Now the quadratic form

n1+% - n1+%
+B,erf- + B

1 1
ng + 5 ng + 5

1
:Omn—jmngmy+§+BQ”+angmer+1+Byf&f

1
+ (jmTQ — /31117'12)(77/2 + 5 + Bg)z.
3m71

1 1
> 5 Om+§+8&+0m+§+&P>

First, note that this is always > 227.(1 — O(¢)). Moreover, once ||ii|| > 1, we find

that it is
Jmr 1
4

= (L +Q(lll2) — O(e)) ,

from which the claim follows. O

We will next upper bound Jm 7y via a study of Igusa invariants.

Lemma 5.2.24.

1

Proof. Consider the reduced Igusa invariant (note: this notation differs from
Igusa’s original, but follows Streng [98], at least up to normalizing (absolute)

constants):
() =
13 = T
If
whereEL writing py, . . ., ps for the roots of f,

L= (Pot) = Po@)*(Po@) = Po3)*(Po(3) — Po1)* (Pata) = Po())”  Pow) - Ps)

oESs5

Here I, is the usual Igusa-Clebsch invariant of the binary sextic 3°_ a; X? 'Y+l — recall
that one of the branch points of the curve is at oo, thus the zero at Y = 0. We have computed the
invariant via (X,Y) — (Y, X)), which replaces the roots with their inverses, and the usual definition
for sextics.
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and

I 10 -+ — A f-
Note that, by Lemma || < H(f)". It follows therefore that

H(f)™
AviE

lis(f)] <

Now, by [98] (originally in Igusa’s [58] — see page 848 — and apparently al-

ready computed in Bolza’s [27]), we have also that

\°
. (ZX even HX(O) )
i3(f) = 2
<Hx even HX(0)2>
Applying Proposition and assuming that Jm7; > 1 (else we are done), we
find that:
647r(3’m'r1+3m7'2—3m7'12) 617 o
7 = - > max(e’" " et I
‘ 3(f)’ m1n<1"7_12’> ( )
Combining this with
: H(f)™
‘23(f)’ < |Af|2
gives the claim. O

After all this work, we have finally found that:

Corollary 5.2.25. Let P € K(C) and p a root of f. Then:

e P) > 108 [£,(P)| + 5 log || — 9h() — O(h( ).

Proof. We simply combine Lemmas [5.2.13}/5.2.15}5.2.16, and [5.2.24} O

Moreover, as Lemma 5.2.23| shows, with an extra hypothesis the above bound

can be significantly improved. Namely, we have the following:
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Corollary 5.2.26. Let Z be a set-theoretic section of C* — C?/(Z* + 1y - Z*) ~ J;(C) —
K¢(C). Let P € K(C) be such that Z(P) =: A + 74 - B with ||A||, || B|| < e. Let p be a
root of f. Then:

oo P) > log6,(P)] + o || — 4h(f) ~ O(ch(/))

Proof. Again combine Lemmas [5.2.13} 5.2.15, and [5.2.24} except now use Lemma
O

We next claim that, in fact, these lower bounds are quite good for our purposes.
To show this we will need to know something about the roots of f. Crucially, we
will use that the z* coefficient — the sum of the roots — vanishes. This will ensure
that there are two roots of f that are > H(f) away from each other (and both of
size < H(f)). First we must guarantee at least one root of size H(f) — this exists

for totally general reasons.

Lemma 5.2.27.

max = H(f).
max |o| = H(f)

Proof. The upper bound follows from the fact that if |z| > 100H(f), then |f(2)| >
|z|5. The lower bound follows from the fact that, if, for all p such that f(p) = 0,

Ip| < %, then since

o= Y e

Se (root;(f)) pGS

we would have that

L _H{)

|ai 5

for all 7, a contradiction. O

Next we find the two large roots that are far away from each other.
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Lemma 5.2.28. Ja # (3 : f(a) = f(B) =0, and:

H(f)

Proof. Lemma produces an a with f(«) = 0 and |a| > 100 . Now, if for all p

such that f(p) = 0, either | — p| < 1‘0!) or |p| < 1|0(|),

then, writing k := #[{p: f(p) =

0,|la—p| < %H > 1, we would have that

O—Zp—ka—l— Z p— o+ Z 2

flp)= F(p)=0,|a—p|< 12} F(p)=0,p|< 12}

and the first term dominates in size, a contradiction. Thus there is a root 3 such

that 4| > 1o

o5 and |a — 3| > 1ol a5 desired. O

1007

Now take a, 8, as in Lemma [5.2.28
Now, we will only ever apply our lower bound on A, to points of the form

k(P)or k(P — Q) for P # £0Q € Cf(Q). For these points, we note that
0,(0,1,2,2%) = 2 — p,

and

‘0, (LX b X, 2a5 + aq(X + ) + 2a3 X + ao X2 (X + 2) + X22*(X + ) +2Yy)

(X —x)?

= (X —p)(x —p).

Thus,

[0 (0,1,2,2%) — £5,(0, 1,2, 2%)| = |o. — B.| > H(f).

This implies (using Lemma [5.2.25)) that:
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Corollary 5.2.29. Let P € C¢(Q). Then:

- 1 )
hl(P) 2 max(Dc (P), () + 23108 |] = 9h( ) — O(Gh(/).
(We have used the simple bound |z — p| > || if |z| > § ' H(f) and p is a root
of f.)
Similarly, for ;\OO(P — @), we get (using Corollary [5.2.26):

Corollary 5.2.30. Let P # £Q € C¢(Q) be such that x(P) and x(Q) are closest to the
same element of {cv., B, } and such that the coset \If;l (P—Q) C C*of Z*+ ;- Z* contains

an element A+ 7 - B with ||Al|, || B|| < €. Then:
. 1
Aec(P = Q) = 7 log |Ag] = 2h(f) = O(=h(f).

Proof. Note that, in general, max(|z—a.|, |t—B.]) > H(f) (since H(f) < |a—fs] <
|z — | + |z — f.]). Without loss of generality, let us suppose that 3, is the closest
of {a, .} toboth z(P) =: X and z(Q)) =: z. Since

‘.. (LX + o, Xa, 2a5 + ay(X + 2) + 203X 7w + ax X (X + z) + X?2*(X +2) — ny>

(X — )
— (X —a.)(x —a.)

> H(f)?,

the result follows from Corollary [5.2.26 O

Having completed our analysis of A, let us return to the postponed analysis

of h(P — Q) for points without an unusually large z-coordinate.
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5.2.2.4 Lower bounds on i(P — Q).

Next we will lower bound, for P and Q non-small points, 2(P — Q). Since our
lower bound on the height of a non-small point is so large, we will not need to do
any delicate analysis for the lower bound (much like the upper bound). The only
difficulty will be in guaranteeing that Corollary is applicable if the points
do not have big z-coordinates. To do this we will, of course, introduce a further
partition of our points.

But first, let us finish off the case of points with large z-coordinate.

Lemma 5.2.31. Let P # +Q € Il; be such that |x(P)|, |z(Q)| > 6=° H(f) and
y(P),y(Q) = 0. Then:

WP = Q) 2 Lhic(P) + Lhic(Q) — S h(7) — O(h(f)).

Proof. Write z(P) =: X =: 2> and 2(Q) =: z =: 2, both in lowest terms, so that we

are analyzing the point

(LX +oa X, 2a5 + as(X + z) + 203X 7w + ap Xw(X + 2) + X22%(X + 2) —|—2Yy) '

(X — )2

Recall that we have already lower bounded A\, (P — Q) — namely, Lemma 5.2.21

tells us that:

hoolP = Q) 2 SN (s(P)) + A (5(Q)) + h(f) — OGA(S)).

To lower bound \,(P — Q), we will simply lower bound \,(P — Q) and apply
Corollary To lower bound

Ap(P = Q) :=log p - max(—v,(r(P = Q),)),
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we first observe that, of course, since the first coordinate is 1, it follows that A\, (P —
@) > 0 always. Next, if max(—v,(X), —v,(z)) > 0, it follows (by breaking into cases

based on whether or not both are positive) that
max(—v,(X + ), —v,(Xz)) > 2v,(D) + 2v,(d).
Hence we have found that

STA(P — Q) > 2log|d| + 2log | D),

p

which is to say that
1 1
SR @) 2 3 S0 (P) + SA,((Q).
p p
Applying Stoll [97] (i.e. Corollary 5.2.8), we find that
3

STAP = @) 2 37 0(6(P) + S0 (5(Q)) — 5 log A

Combining this with the lower bound on A, (P—@Q) and the fact that |A;| < H(f)%

gives the claim. [

11 X2 11 X2
= {‘575} ”f‘{‘m} -

Write

Write

Gnsin) — (| kLl pd b LEN N ds s L) Gt
' ON’ 2N ON’ 2N "\ |2N’ 2N ON’ 2N | )’
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where N =< ¢! (thus this is a partition into O(1) parts, since § > 1). Note that

N N N N

- U U U U g

i1=—N i2=—N i3=—N i4=—

Now let

ZJf(C)—>Q

be a set-theoretic section (observe that the map G — C*/(Z* + 7 - Z*) ~ J;(C) is

surjective). Next let
11?1,12,1'3,1'4) — IIf N Z—l(g(il,i27i3,i4))'

(Similarly with decorations such as 1, |, e added, and for IIIS}1 """ i“).) Thusif P,Q €

ngl,z‘g,ig,m)’ we have that

with
A, [|B]| < 6.

Finally, recall (via Lemma [5.2.28)) that we chose two roots a, 8, of f such that
|l |Bal, [ — Bl > H(f).

So let
3 == {P € 1l; : |2(P) — o] < |2(P) — Bi|}

and, similarly,

I} = {P el : |a(P) — B.| < |z(P) — au|}.
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That is, II?* is the set of points of II; whose z-coordinates are closest to «., and
similarly for II?*. We similarly define HIj}* and III?*. Finally, for p € {a.,f.},

define

(41,82,i3,84),p . 171(%1,92,i3,14) P
11! = 110 N1,

and similarly for III¢, and all other decorations.
Having suitably refined our partition, let us now deal with points whose z-

coordinate is not so large.

Lemma 5.2.32. Let p € {a., f0:}. Let P # +Q € IISCil,iQ,is,M),p be such that
l2(P)|,|z(Q)| < =0 H(f). Then:

. 1 1 17
WP = Q) > Shic(P) + Shic(Q) — 5 h(f) — O(GH(F)).
Of course the same result holds for IIISf1 """ P as well.

Proof. The argument is precisely the same as for Lemma [5.2.31} except that for the
lower bound on 5\00 we use Corollary 5.2.30| (— this is where we use the partition),

and we note that

g %Ap(ﬁ(p)) + %Ap(ﬂ(g)) > %hK(P) + %hK(Q) = 2h(f).

Thus we find that:
W(P = @) > Shi(P)+ Shic(@) +  log | Ag] — 4h(F) — 5 log || + O(3h (1)
= Jhae(P) + Shic(Q) — S h(7) + O(6h( )
as desired. n

Now that we have adequately (thanks to our strong lower bounds on the

heights of medium points) lower bounded the canonical height of a difference,
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we may finally prove the claimed gap principles. To do so we will need some
final preparatory work to ensure the points we consider are indeed suitably close
(so that they may be seen to repulse). That is to say, we will have to ensure that
their canonical heights are comparable — note that, at the moment, we may only
a priori ensure that their naive heights are comparable. But it turns out we have

done enough to guarantee the former as well.

5.2.2.5 Partitioning based on the size of /.

The following shows that we may now guarantee that h and h are within a mul-

tiplicative constant in our range.

Lemma 5.2.33. Let P € C¢(Q) — 1. Then:

Proof. Write

By Corollary
. 1 20
2 (s(P) = Ap(s(P))] < Slog [Ag] +O(1) < Z°h(f) +O(1).
p
For the upper bound, note that, from the doubling formulas, evidently

Ao(2R) — 4o (R) < 12h(f) + O(1),
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so that™
Ao (K(P)) = Ao (K(P)) < 4h(f) + O(1),

and hence

h(P) < hi(P) + O(h(f)),

which is enough since h(P) > h(f) since P is not small.
The lower bound is a bit more difficult, and for it we will break into cases.

If [z(P)| > 67° "H(f), then h(P) > (¢ — O)A(f) = (£ —0)h(f), and thus

hi(P) = 2h(P) > (3 — 26)h(f). Moreover we have seen (Lemma that
Ao (K(P)) = Ao (k(P)) — O(5h(f)).

Therefore we find that, in this case,

W(P) > hie(P) — ?h(f) — O(h(f)).

Since hi (P) > (2 — §) h(f) this is enough.
3 &

If [(P)| < 670 "H(f), then hi(P) > 2(c, — 0)h(f) = (16 — 20)h(f). Also since
Aoo(K(P)) = Aao(k(P)) +  log |As| = 9h(f) — O(6h(f)) by Corollary we may

follow the argument in the above case to find that

A(P) 2 hie(P) + 15 log || = 100(f) = 3 log | A] — O(3h(f))

— h(P)+ % log || — 10h(f) — O(Sh(f))

> hi(P) = 10h(f) + O(3h(f))

2[n fact it is rather easy to get that, for R € K;(Q), Ao(R) — Aoo(R) < 3h(f) + O(ch(f))
by following the same analysis done in Lemma Indeed, one finds that |(2VR);| <

MaXy, 4.4 o,an H(f)Y T —4+imai——des 1, (P)4" and concludes in the same way. Note that this
argument gives a bound of Ay (k(P)) — Aso(k(P)) < 2h(f) + O(eh(f)), since k(P); = 0, and so
a1 = 0 is forced (whence the maximum is achieved at o, = 4V, rather than a; = 4%).
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which is again enough. This completes the argument. O

Thus Lemma furnishes us with constants i, v with g =< 1,0 =< 679 ' such
that, for all P € II¢, we have that both h(P) € [ hi(P), phi(P)], and hg(P) €
[vrh(f),vh(f)]. In order to break into points with very (multiplicatively) close
heights (and canonical heights, since a priori they may still be wildly different),
we will partition as follows. Note that this is precisely the situation in which we
have a chance of seeing a repulsion phenomenon — our points from now on will
be close in size in the Mordell-Weil lattice.

Note that

o(s™h

e U [a+oha+em,
i=-0(5~1)

[

and similarly for [v!,v] (except with the bounds on the union changed to

O(6721og 671)). Define the following partition of II; into 6~°() many pieces:

i Pelly| h(P)e[1+68)hg(P),(1+0) hy(P)]
I and h (P) € [(1+ 6V h(f), (1 + 8)7 h(f)] |

and similarly with all other decorations added —e.g.,

1, (i1,82,83,84),0,[4,5]) . 77T (E1502,43,44) .0 [4,7]
Hf = Hf N Hf )

cept without the second condition — that is, we only impose that i(P) €
(14 6) i (P), (1 +0) hie(P)).

Note that, by construction, if P, Q) € Hgf’j ], then

hi(P) | [h(P)
@ i)
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This will allow us to replace e.g. hx (Q) by hx (P) (and the same for %) in the expres-
sion for cos §p o without incurring a nontrivial error. Having defined this partition,

let us now finally prove the promised gap principles for h.

5.2.2.6 The explicit gap principles via switching.

Let us now, finally, prove the gap principles. First, we will deal with the case of

points with large z-coordinate.

39
cosfpg < %5 + 0(0) < 0.6334.

Proof. We break into cases based on whether i(P) > hy(P) — 2h(f) or not. If

h(P) > hy(P) — 2h(f), then we use the formula

WP +Q) — h(P) — MQ)
2y/h(P)h(Q)

cosfpg =

Now since h(Q) = h(P) - (1 + O(6)), we find that:

We now apply our hypothesis for this case, namely that i(P) > hg (P) — 2h(f), to

find that
h(P + Q)
0 <
TR Shie(P) = ()

Now we apply Lemma and the fact that hx(Q) = hx(P) - (1 + O(9)) to find

—1-00).

that

1 6h(f)
cosbrQ < 5 35 TPy — Bh (/)

+0(5).
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Since hy (P) > 2h(f) — O(6h(f)), we find that

19
< —
cosOpg < a0 0(0),

finishing this case.

Thus we are left with the case of h(P) < hx(P) — 2h(f), for which we use the

formula
contpq = MPVHRQ) (P - Q)
2\/ M(P)h(Q)
Again this is simply
costpgy <1— h(Fj—_Q) + 0(9),
2h(P)

and now we use our hypothesis to get that

cosblpg <1-—

But now Lemma tells us that therefore

1 6h(f)
COSHRQ < 5 + 3hK<P) — 5h(f) + 0(5),

which is the same expression we got in the previous case, QED. O

Now let us prove the gap principle for points whose z-coordinate is not so

large.

Lemma 5.2.35. Let P # =+(Q € II?l’iQ’iS’“)’p’[i’ﬂ be such that |x(P)|,|z(Q)| <
60 H(f). Then:
64
cosOpg < ot O(0) < 0.6737.

Proof. The proof is the same, except instead we use Lemmas [5.2.4|and [5.2.32, and

we split into cases based on whether P > hy(P) — ¢h(f) or not. In both cases we
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get that
1 33h(f)
< =
8920 < 5 5h(P) — 20(F)

+ O(0).
Using hy(P) > 16h(f) — O(0h(f)) gives the claim. O

Thus we have proved our desired gap principles.

5.2.2.7 Concluding via the sphere-packing argument.

As in Helfgott-Venkatesh [55], we will use the Kabatiansky-Levenshtein bound.

We defer its statement (and a corollary) to Chapter [6| — see specifically Theorem

6.2.3|land Corollary[6.2.4
Yy

Let us now bound the number of medium points on our curves.

Proposition 5.2.36.

#[1T;] < 1.645 K5 (@),

Proof. We may assume without loss of generality that, for all P € II, y(P) > O

Since
oIt o=l  §-o0)
= J U U U U ) il
pe{a«,Bs} 7€{t,0,l} 1=0 14=0 =—0(§~1) j=—5-001)

is a partition into 6~ = O(1) parts, it suffices to prove this bound for each of
the parts of the partition. But for each P # Q) € H?f’(i1 """ )] (the bound is trivial
when () = —P), we have proven that cosfpg < 0.6737 (and in fact the bound is

even a bit better when ? =17). It follows then from Corollary that
#|II?7(i1 ..... i4),p,[1,5] | < 1.645rank(.]f((@)),

as desired. O]

130f course this is not literally true, but the resulting bound will only be worsened by a factor of
2 to make up for this assumption.

123



This completes the medium point analysis.

5.2.3 Conclusion of the proof.

Thus we have completed the proof of Theorem Let us combine the ingredi-

ents to conclude.

Proof of Theorem By Lemmas.2.1land 5.2.2) we have seen that

Avg #|1r| < oroo(1).
fe-Funiv.:H(f)ST
But, by Proposition 5.2.36|above and Theorem of Chapter|6, we find that
H[TT; UTIT | < 1.888™20kUr (@) < grank(; (@) < 41Sel, (J;)).

Finally, by Theorem[5.1.2)

Avg #[Sely(Jy)| < 1.
fEfuniv.:H(f)ST
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Chapter 6

C(K)'aree; 1arge rational points on

hyperbolic curves.

This chapter is based on Section 5.3 of my [5].

Abstract.

Let K be a number field. Let C'/K be a smooth projective curve over K of
genus g > 1. Write J := JacC. We prove that there is an explicit constant

kg € RT depending only on g such that:
#{P € C(K) : h(P) > kg - h(C)}| < 1.872rnkJ(K)

where 1 (C) is the height of C' under its tricanonical embedding into projective
space. We note that one can reduce the 1.872 to 1.311 once the genus of C'is

larger than an explicit absolute constant.
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6.1 Introduction.

6.1.1 Main theorem.

In this chapter we prove the following theorem. The proof is a straightforward
combination of the gap principles of Mumford [73] and Vojta [103] and the

Kabatiansky-Levenshtein bound [60] on the size of a spherical code.

Theorem 6.1.1. There is an explicit effectively computable function r, : Z2, — RT with
the following property.

Let K be a number field. Let C'/ K be a smooth projective curve over K of genus g > 1.
Let h(C) be the height of the image of C under its tricanonical embedding C — P96,
Write J := Jac C. Then:

#|{P € C(K) : h(P) > K, - h(C)}| < 1.872rnkJ(K)

where h(C') is the height of C under its tricanonical embedding into projective space.

Remark 6.1.2. One can reduce the 1.872 to 1.311 once the genus of C'is larger than an

explicit effectively computable absolute constant.

6.2 Inputs.

Let us state the three inputs that we will use in the proof of Theorem [6.1.1]

First, Mumford’s gap principle.

Theorem 6.2.1 (Mumford’s gap principle, cf. the "basic estimate" on page 1014 of
Mumford’s [73]] and Proposition 9.4.5 of Bombieri-Gubler’s [29].). There is an ex-
plicit effectively computable function ko : Z3, % (0,1) — RT with the following property.

Let K be a number field. Let C'/K be a smooth projective curve over K of genus

g > 1. Let h(C') be the height of C under its tricanonical embedding. Write J := JacC.
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Let Py € (Div(C) ®z Q)* be a degree 1 divisor on C with rational coefficients. Embed
C = J=Pic"(C)via P~ [P — Py). Let ; < a < 1. Let P # Q € C(K) be such that

(145,5) - h(Q) = h(P) = h(Q) > Ky - h(C).

Then:

costpg < a.

Here we have written

h(P+ Q) — h(P) — h(Q)

WhPWQ)

where 7 is the canonical height on the Jacobian J/K and we have suppressed the

cosbpg =

embedding C' — J via F, in the notation.

Note that Proposition 9.4.5 in Bombieri-Gubler’s [29] (and certainly in Mum-
ford’s original "basic estimate” in [73]) is insufficient to prove Theorem [6.2.1]
because the implicit constants (here x,.) there are not made sufficiently pre-
cise. Thankfully, as noted in 11.9.3 of Bombieri-Gubler’s [29], this issue arose in
Bombieri-Granville-Pintz’s [28] — see their proof of Lemma 5 in [28] for a deter-
mination of the dependence on g and « of the implicit constants in Proposition
9.4.5 of Bombieri-Gubler’s [29].

Next we state Vojta’s gap principle.

Theorem 6.2.2 (Vojta’s gap principle, cf. Proposition 3.1 of Vojta’s [103] and Theo-
rem 11.9.1/Remark 11.9.2 of Bombieri-Gubler’s [29].). There is an explicit effectively
computable function ke, : Z2, % (0,1) — R* with the following property.

Let K be a number field. Let C'/K be a smooth projective curve over K of genus
g > 1. Let h(C') be the height of C' under its tricanonical embedding. Write J := Jac C.

Let Py € (Div(C) ®z Q)* be a degree 1 divisor on C with rational coefficients. Embed
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C — J =Pic’(C) via P+ [P — P,). Let & <a <L LetP#Q e C(K) be such that

h(P) > ko - h(Q) > K2, - h(O).

Then:

cosbpg < a.

Again we note that the determination of the dependence on g and «a of the
implicit constants in Theorem 11.9.1 of Bombieri-Gubler’s [29] (and certainly in
Proposition 3.1 of Vojta’s original [103]]) is insufficient to prove Theorem and
we again use the proof of Lemma 5 Bombieri-Granville-Pintz’s [28] (again, see
11.9.3 of Bombieri-Gubler’s [29]).

Finally, let us state the Kabatiansky-Levenshtein bound on the sizes of spherical

codes.

Theorem 6.2.3 (Theorem 4 in Kabatiansky-Levenshtein’s [60]). Let n € Z*. Let
a € (0,1). Let A C S"~' C R" be such that for all v # w € A,

cos 0y 4 < au.

Then:

£1A] < exp (n {(1 + sin(arccos(a))) log. (1 +sin(arccos(a)))

2sin(arccos(a)) 2sin(arccos(a)
(i) e (oo )]

From this we easily derive the following corollary.

Corollary 6.2.4. Let n € Z*. Let o € (0,1). Let A C R" be such that for all v # w € A,

cos 0y < au.
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Then:

414] < exp (n Kl + sm(arccos<a))> log (1 —i—sin(arccos(oz)))

2sin(arccos(a)) 2sin(arccos(a)
- (LoD (1ot

Proof. Without loss of generality, 0 ¢ A (since removing one element does not

v
[v]

affect the bound). The map ¢ : A — S" ! viav is then injective, since

otherwise if v # w € A were to map to the same point, then it would be the case

that cos 0, , = < o > =1 > o, a contradiction. Now just apply Theorem 6.2.3(to

[v]? Jwl]

w(A). O

This completes the discussion of the inputs into the proof of Theorem [6.1.1]

6.3 Proof of Theorem [6.1.1.

We will instead prove a slightly worse bound of < 1.8881kJa<(©)(X) and indicate

how to optimize further in a remark after the end of the argument.

Proof of Theorem Let § € R* with 0 <, 1 be a(n explicit effectively com-
putable) parameter that we will optimize at the end of the argument. Let a :=
2 +62. Note that o > I

Write

C(K)™ .= {P € C(K) : h(P) > 12

g7a

-h(C)},

where &, . is such that both of Theorems|6.2.1]and |6.2.2/ hold.

Let S C C(K)%e® be maximal such that: for all P # @Q € S, we have that
cosfpg < a. Of course, by Kabatiansky-Levenshtein (Corollary [6.2.4), once § < 1,
it follows that #|S| < 1.888™1k/(X) Thus it suffices to show that #|C(K)®s¢| <«
49|
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Now observe that, by maximality, for all P € C(K)¥&°, there is a Q € S such
that cosfpg > a. Of course by Theorem it follows that 2(P) =, h(Q). Thus, it

follows that:

large _ U U C 1arge Qk

QES |k|<,y1

where

C(K)s@0 .= (P € C(K)™ : cosfpg > a, ZES; € [(1+6)%, (1+6)*1]}.

Since this partition is into <, #|5| parts, it suffices to show that each #|C/(K)"##(@h)| «
1.

Let, for each P € C(K )largev(Q,k),

P Q
vpi=——— € J(K)®z R
PR g ¢ e
where | o | := 1/h(e). Write
oy Mo+ #) = () — h()
2
so that
08 04 o = <.’.2.
[o ][ o]

Now, if C(K)=s(@k) = (), then we are done. Else let R be such that |vg| is
minimal.
The claim is that, for all R # P € O(K)"“&>(@k) we have that |vp| > 1. Either

1 . . 1
lug| > 3 — 42, in which case we are done, or not. If both |vg|, [vp| < 3 — d2, then

|Up — UR| < |’UP| + |UR| <1- 25%
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But we also have that

2

R
=2—2cosOpp.

[R]

P
|UP — ’UR|2 = ’— —
1P|
However, since both P and R are in C(K)"#%(@*) by Theorem we find that
1
coslppr < 3 + 0,4(9),
whence
[vp — vgl* > 1 = Oy(9),

a contradiction. So, since § <, 1, on removing R from C(K)"&(@*) we find that
all remaining |vp| > 1.

Now observe that, for P # P' € C(K)"ae(@F) _ (R},

|UP||UP,| COs QUP,’UP/ - <UP7UP’>

=1—cosfpg — coslp g+ coslpp

1
< costppr — 5 262

But since P # — P’ (else the following claim is trivial anyway) and both are in

C(K)'aree(@F) again by Theorem we find that
1
COS Qp’p/ S 5 + 09(5)

Thus

lvp||vp| cos Oyp 0y, < —267 + O,4(9).

Since we have already established that |vp|, |vp/| > 1 (and of course § <, 1), this

gives the claim that cos 6p pr < —Q,(02).
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But it then follows that:

P
0< Z m

PeC(K)large,(Q.k) _{ R}

= (#|C( )mge (@8 {R}’) Z cos Op pr

P#P'cC(K)lerge(Q.F) _{R}

< (#|C(K) @R _ [RY]) — Qy(82) - (#]C(K)™=@P _ [(R}|)".

Rearranging now gives the result. O

Remark 6.3.1. Let us now comment on optimizing the 1.888 to 1.872 and eventually 1.311
for g (explicitly and effectively computably) sufficiently large. First, instead of choosing
o= % + 0 %, we will choose o ~ 0.7406. Moreover, instead using the actual lower bound
lup| > 1 — &7 that we established for P € C(K)™2@" — (R} rather than the crude
lvp| > 1, we instead find that, for all P # P’ € C(K)"2&=(@F) — R},

3
2—204

~ |vpllvp|

N[

+0,(62) <6 —8a + O, (6

cos 0

)-

vp,Ups

Now one uses Kabatiansky-Levenshtein to bound both S (where the repulsion bound
is cosf < o + O,(62), which results in a bound of #|S| < 1.85149%/(K)) and
C(K )laree Q%) (where the repulsion bound is cos 6 < 6 — 8a + O, (62 ), which results in a
bound of #|C (K )@k <« 1.01077722%/(K)) and multiplies these bounds together to
conclude.

If we are yet more precise and use é instead of § in the application of Mumford's gap

principle (see the applications of Theorem in the proof of Theorem above) we
immediately obtain the following: for

! 1+3 < <1+
max [ —,— + — a< -+ —
NI 2 2g
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and 6 € RY with § <, 1, one gets

#|C(K)™ < M (rank(J¢(Q)), o +¢) - M (rank(Jf(Q)),

where

M(n,n) = max{#|S|: S € S" ' Vv # w € S, cosb,.,, <n}.

Taking o ~ 0.4818 (which is only admissible when g > 1), we improve the constant to
1.311, as claimed.
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Part 11

Algorithms for rational points on

hyperbolic curves.
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Chapter 7

C'(K): Fontaine-Mazur.

This chapter is based on joint work with Brian Lawrence.

Abstract.

We give an algorithm that, on input (g, K, §), with K/Q a number field and S
a finite set of places of K, outputs the finite set .A (0 g) of principally polar-
ized g-dimensional abelian varieties defined over K and with good reduction
outside S, along with an unconditional certificate of correctness of the output.
Assuming the Fontaine-Mazur, Grothendieck-Serre, absolute Hodge, and Tate

conjectures, we prove this algorithm always terminates in finite time.

Consequently, we give an algorithm that, on input (C, K') with C/K a smooth
projective hyperbolic curve over a number field K, outputs C'(K), along with
an unconditional certificate of correctness of the output. Again, assuming the
Fontaine-Mazur, Grothendieck-Serre, absolute Hodge, and Tate conjectures,

we prove this algorithm always terminates in finite time.

In other words, we give a positive solution, conditional on these standard
conjectures, to an effective form of the Shafarevich Conjecture, and thus to

Hilbert’s tenth problem for rational points on curves over number field

LThis is often called an effective form of the Mordell Conjecture/Faltings’ Theorem, but because
there are differing meanings of the phrase "effective Mordell Conjecture" we have used the termi-
nology of Hilbert’s tenth problem.
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The key idea is to use a day/night procedure: given a tuple (ay),c7 of putative
Dirichlet coefficients at p € T of L(s, A), by day one examines mod-¢" Galois
representations that are unramified outside S to try to rule out the tuple, and
by night one searches abelian varieties with good reduction outside S to try to
certify the tuple. (It is evident by purity that the set of tuples one has to con-
sider is in an explicit finite set.) The key point is that, assuming these standard
conjectures, if the tuple arises from an /-adic Galois representation satisfying
finitely-falsifiable hypotheses (about Hodge-Tate weights, purity, etc.), then a
positive integral multiple of it actually arises from an abelian variety, via a
standard construction introduced by Deligne in his proof of the Weil conjec-

tures for K3 surfaces via Kuga-Satake.

7.1 Introduction.

7.1.1 Problem.

Let C'/K be a smooth projective hyperbolic curve over a number field. It is a fa-
mous theorem of Faltings that C'(K) is finite. We are interested in finding C(K)
given C'/K.

7.1.2 Main theorem.

In this chapter we prove the following theorem.

Theorem 7.1.1. There is an algorithm that, on input (g, K, S) with g € N, K/Q a number
field, and S a finite set of places of K, outputs A,(ok,s) (along with unconditional proof

of correctness of the output), the finite seff|of g-dimensional abelian varieties over K with

2From now on we drop the phrase "principally polarized" by using Zarhin’s trick. Let us repeat
that, as in the rest of this thesis, we completely ignore stack-theoretic issues, since they are irrelevant
for these effectivity issues. Nonetheless let us mention that, if one prefers, one can also run the
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good reduction outside S. Moreover, assuming the Fontaine-Mazur, Grothendieck-Serre,
absolute Hodge, and Tate conjectures, this algorithm always terminates in finite time.

In particular, there is an algorithm that, on input (C, K') with K/Q a number field
and C/K a smooth projective hyperbolic curve over K, outputs C(K) (along with
unconditional proof of correctness of the output), and, assuming the Fontaine-Mazur,
Grothendieck-Serre, absolute Hodge, and Tate conjectures, always terminates in finite

time.

The algorithm and its subroutines are detailed in Section (the algorithm
itself is detailed in Section|7.3.1)).

We emphasize that we will prove that, if the algorithm terminates, its output is
unconditionally correct —however, the proof that the algorithm always terminates
will be conditional on the aforementioned conjectures.

We emphasize this point because one has much the same situation with the
higher-and-higher-descents algorith for determining the rank of an elliptic
curve — one runs the algorithm, and, if it terminates, one has unconditional
proof that the rank is the given output. However we also emphasize that there
is one completely essential difference between the two, which is that the below
algorithms are not written to terminate in an at all reasonable amount of time (and
it is arguable whether they can ever be optimized to do so, since e.g. they depend

on enumerating finite-image Galois representations with bounded ramification).

algorithm instead using the (explicit) extension K'/K (with S’ the finite set of places of K’ above
S) produced by taking the compositum of all extensions of K with suitably bounded degree and
ramification (for example, so that "K(A[210])" C K’ for all abelian varieties in question) and then
search only for points in Ay ,(0x’ /) (thus in a fine moduli space), i.e. abelian varieties with full
level-n structure defined over K’, since the field of moduli agrees with the field of definition in this
case.

35— specifically, the day /night procedure alluded to in the paper [100] of Tate first conjecturing
the finiteness of Il x where, "by day", one searches for points of larger and larger height, and, "by
night", one computes rax (E) := log, #[2"~!Selsn (E/K)|, say. The algorithm terminates if the "by
day" points span a rank-ro» (E) lattice in E(Q) ®z R. To prove that the algorithm always terminates
requires assuming finiteness of 111 [2°°] (in this setup).
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7.1.3 Difficulty.

Upon examining e.g. Vojta’s proof of Faltings” Theorem it is clear where the dif-
ficulty lies. Specifically, in Vojta’s argument one passes to cones in J(K) ®z R,
where J := Jac C is the Jacobian of C'. Inside each cone, Vojta proves that, if there
is a (large) K-point of C in this cone, then all other K-points of C' in the cone have
height bounded explicitly in terms of this point. However one has no a priori way
of knowing if there is a K-point of C in the cone, and thus no way of knowing
when to terminate a search for K-points of C. The same issue arises in Roth’s
theorem in Diophantine approximation.

On the surface one has the same obstacle in Faltings’ first proof. Specifically,
in Faltings’ argument the finitely many cones are replaced| by the finitely many
tuples of integers that could arise as traces, at an explicit finite set of primes, of
Galois representations of type relevant to the problem. The bound on the heights
of all points in the cone in terms of the height of one point in the cone is replaced
by a bound on the Faltings height of all abelian K-varieties in a K-isogeny class
in terms of the Faltings height of one abelian K-variety in the K-isogeny class —
a bound made explicit by Raynaud (Masser-Wiistholz later gave another explicit
bound using transcendence techniques).

Thus it seems that one has the same obstacle in all known proofs of Faltings’
Theorem ]

However this is too quick an evaluation: one has no information a priori about
whether or not a given cone contains a K-point of C' in Vojta’s argument, but in

Faltings” argument the analogous question is whether or not a given Galois repre-

4This is, of course, a historically backwards way of presenting the proofs.

>Faltings’ second proof (of a much stronger theorem, to be clear) has the first obstacle, and the
recent proof by Lawrence-Venkatesh has the second obstacle, along with the issue that one also has
to be able to conclude in finite time that a given zero of a certain p-adic analytic function is not
algebraic.

138



sentation arises as the (-adic representation associated to an abelian variety over

K. The latter is, of course, a quite well-studied sort of question.

7.1.4 Approach.

The approach taken in this chapter should then be clearf| One does a day/night
search given a tuple, indexed by a finite set of primes, of integers as above: by
night, one searches for an abelian variety over K with the given integers as Frobe-
nius traces of its /-adic representatio and then, by day, one searches for a coun-
terexample to a short list of obvious necessary conditions to being a tuple of traces
associated to an abelian variety. For example, the tuple must be the tuple of traces
of a mod-¢" representation for all N, and the latter must "seem" pure of weight 1,
at least at primes much smaller than (¥, etc. (See Section [7.3.1.1]for a more precise
discussion.) Then the assumed conjectures combine to imply that such a process
must terminate, because one proves that said conjectures imply that tuples surviv-

ing the "by day" checks forever do indeed arisef| from abelian varieties over K.

®We note that we only realized such an approach might possibly work upon learning of Patrikis-
Voloch-Zarhin’s masterful [77]. The massive influence of that paper on this chapter should be
evident.

"This is not quite correct, but it is accurate enough for this motivating discussion. The point is
that the method only gives an abelian variety A/K whose traces are

tr(Frob, ~ V;(A)) =d - ay

forad € Z* and all p € T (standard examples involving abelian varieties with maximal quater-
nionic multiplication show that one cannot take d = 1 in general). This, and indeed even the weaker
statement that the Gal(Q/K)-representation V;(A) just admit a factor p with tr(p(Froby)) = a, for
all p € T if such a p exists, is of course also fine for us, since we can determine in finite time if A has
a K-isogeny factor with given tuple of Frobenius traces (a,),cr using Masser-Wiistholz. (One can
check the latter, weaker, condition by using endomorphism estimates of Masser-Wiistholz [67] to
explicitly compute End% (A), thus Endg, g, r)(Ve(A)), and thus the decomposition of V;(A) into

irreducible Gal(Q/ K )-representations.)
8See the previous footnote.
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7.2 Preliminary lemmas.

Before specifying the algorithms precisely, let us collect a few standard statements

that will be used repeatedly in this chapter (as well as in the next chapters).

7.2.1 Faltings’ Lemma.

The first lemma is the usual form of Faltings’ Lemma (save perhaps the observation

that it also works for the rings o/\").

Lemma 7.2.1 (Faltings, see Satz 5 of his [47])). Let d € Z". Let K/Q be a number field
and S a finite set of places of K. Let o be an order in the ring of integers of a number field
and X be a prime of o. Let T) be a finite set of primes of K that is disjoint from S and prime
to Nm X such that, for all Galois extensions L/K that are unramified outside S and of
degree [L : K| < #|o/\>*, the map T — Gal(L/K)/conj. via p — Frob, is surjective.
Let R := o0y or o/ AN for some N € N. Let p,p' : Gal(Q/K) — GLy(R) be unramified
outside S and such that tr(p(Frob,)) = tr(p'(Froby)) for all p € T).
Then: tr o p = tr o p’ on Gal(Q/K).

Proof. The standard proof extends upon noting that, for M C R®", #|M/\| <
#|R/A|", as can be seen’|by e.g. computing the Tor;.
Namely, it evidently suffices to show that the R-span of im (p @ p’ : Gal(Q/K) — GLg(R)*?)

inside M,(R)*? is in fact spanned by |J, ;. (p(Froby), ¢/ (Frob,)), where Frob, C

peTN
Gal(Q/K) is the Frobenius conjugacy class of p. To do this one uses Nakayama to

reduce mod ), after which it follows from the hypothesis on 7. O

We record the following algorithmic form of the above statement, since we will

cite it repeatedly in the next chapters. We emphasize that it is simple to give an

9Brian Lawrence points out a far more elegant proof: take the preimage M of M under the
evident surjection 0§” — R®" and then run the usual argument: )M is a free 0)-module of rank

< n, now reduce mod )\, QED.
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explicit output directly (in the form of "all primes p ¢ S with Nmp <4 g n 1", with
the implicit constant computed explicitly in terms of d, K, S, N), by combining an
explicit form of the Chebotarev density theorem with Minkowski’s theorem, but

we have not bothered.

7.2.1.1 FaltingsPrimeList(d, K, S, N):

Input: d € Z*, K/Q a number field, S a finite set of places of K, and N € Z*.

Output: 7', a finite set of primes of K with the following properties:
e T is disjoint from S and prime to N.

o Let £/Q be a number field and q C o with q|(N) a prime of E such that
Nmgq < N.Let R :=op,0rop/q" forn € Z*. Let p,p' : Gal(Q/K) — GL4(R)
be unramified outside S and such that tr(p(Frob,)) = tr(p'(Froby)) for all

p € T. Then: tr(p(g)) = tr(p'(g)) for all g € Gal(Q/K).
Algorithm:

1. Let T be the minimal (with respect to the absolute norm and lexicographic
ordering) finite set prime to SU{(V)} and such that, for all Galois extensions
L/K of degree < N 10109 410t are unramified outside S, the map 7' —

Gal(L/K)/conj. via p — Frob, is surjective.

2. Output 7'

7.21.1.1 Explanation in words.

This is simply the statement of Lemma translated into algorithmic form

(though we have replaced irrelevant constants by 10'°).
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7.2.2 Masser-Wiistholz.

For reference we next state the Masser-Wiistholz bound (though we note that work
of Raynaud [81]], making explicit Faltings” argument, would certainly also suffice).
Note that the original work of Masser-Wiistholz left one constant ineffective (be-
cause of a compactness argument using the Baily-Borel/Satake compactification
of A, to compare the Faltings and naive heights), but work of Bost-David [31] rec-
tified this. We will state the completely explicit bound of Gaudron-Rémond [50]

instead for clarity.

Theorem 7.2.2 (Gaudron-Rémond, see Theorem 1.4 of their [50]). Let A, A’/ K be
K-isogenous abelian varieties over a number field K. Write g := dim A. Then: there is an

isogeny ¢ : A — A’ of degree

210g3

deg p < ((149)6492 [K : Q] - max(h(A), log [K : Q), 1)2> = K(A),

where h(A) is the Faltings height of A using Faltings” original normalization.
Consequently,

H(A') ~ h(A)] < 3 log(4).

The last line is a consequence of the usual change-in-height formula for the Falt-
ings height under an isogeny. We will frequently use, in this and future chapters,
the notation

MasserWiistholz(A, K) := h(A) + %log k(A)

for an upper bound on the height of an abelian K-variety K-isogenous to A/K.
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7.2.3 Bost.

Finally, though we will not use it in this chapter (but rather in future chapters),
for ease of reference let us state Bost’s lower bound on the Faltings height of an

abelian variety of given dimension as well.

Theorem 7.2.3 (Bost, Gaudron-Rémond (see Corollary 8.4 and then paragraph 2.3
of their [51])). Let A/Q be an abelian variety. Then:

_log (27?)

h(A) > - dim A.

Again, in future chapters we will use the notation

_ log (27?)

Bost(g) = ———"4,

so that an abelian variety A/Q satisfies h(A) > —Bost(dim A).

7.3 The algorithm and its subroutines.

Let us now precisely specify the algorithms alluded to in the introduction.

7.3.1 Shafarevich(g, K, S):

Input: g, K, S : g € N, K/Q a number field, and S a finite set of primes of K.
Output: A (0 s) (and unconditional proof of correctness of the output).

Algorithm:
1. If ¢ < 1, output A,(ok,s) trivially (using Baker’s bounds on heights of S-

integral points on elliptic curves when g = 1).

2. Let N := 10'°. Let ¢ > 10" be a prime of Z unramified in K and not lying

under any of the primes in S.
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3. Let T" := output of FaltingsPrimeList(2g, K, S, ().
4. Let (M, T,7) = output of TraceTuples(g, K, S,T,¢, N).
5. Let, for d € Z* with d < N, B, := output of AbelianVarieties(d - ¢, K, S, N).

6. For each a € Z: let (dg, Ba/K) be such that d; € Z*, d; < N, B; € By is of

dimension d; - g, and, for all p € T, one has
tr(Frob, ~ Hélt.((éa)/@, Q) =dz - ay.

If no such pair exists, increment N — A + 1 and return to Step 2. If the pair
found has d; > 1 and NotAPower(B;, K, S, g, dz) holds, then remove @ from
7. Otherwise let é,; /K be such that By ~x BXda

a .

7. Let Cy := output of FilllsogenyClasses({B; : d € Z}, g, K).

8. Outpu Cn.

7.3.1.1 Explanation in words.

Step 1 deals with the easy (given Baker’s bounds) cases of g < 1.

Step 2 chooses an auxiliary prime ¢ and initializes a loop variable (informally,
in the "day/night" language, N measures the "number of days and nights").

Step 3 chooses, via (the explicit form of) Faltings’ Lemma, a finite set of primes
T for which the Frobenius traces at primes in 7' determine the trace function of a
Galois representation Gal(Q/K) — GSp,,(R) with R = Z, or Z,/(" for some n € Z™.

Step 4 runs the "by day" procedure. Let us act like T = T for the sake of
this description (see Section [7.3.2.1)[1] Specifically, it produces the finite set of

1OWe ignore the question of finding the (potentially empty) set of principal polarizations on each
of the abelian varieties in Cy, since it is irrelevant. If one prefers one can simply conclude by
enumerating points A € A, (o ) of bounded height h(A) < maxpec, h(B) instead.

The point here is that traces at just primes in 7' determine abelian K-varieties of dimension g
up to K-isogeny, but not a priori abelian K-varieties of dimension N - g up to K-isogeny. Suppose
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tuples (ay)per for which there i ap : Gal(Q/K) — GSp,,(Z/t") satisfying
tr(p(Froby,)) = a, (mod (V) for which:

o (Integrality) a, € Zforallp € T,

(Purity atp € 7))

lap| <2g-+/Nmp

forallp e T,

(p is unramified outside S) p is unramified outside .S,

(p has cyclotomic similitude character) the character given by postcomposing
p with the projection 0 — Sp — GSp — G,,, — 0 is the mod-¢" reduction of

the (-adic cyclotomic character,

(p "seems" pure at small p ¢ T') for all primes p C ox of K with p ¢ S with

pt (¢)and Nmp < (19N there is a unique integer a, € Z satisfying both
q ger ap ymg

lap| < 2¢g - /Nmp and a, = tr(p(Frob,)) (mod V),

(p "seems to arise" from the N-th layer of an ¢-divisible group) and such
that, for all primes \|(¢) of K, the Gal(Q,/K)-module structure on (Z /(" )29

given by plq. @,/ x,) extends to a finite flat group scheme over o .

It is crucial to us that we can get by by only being able to falsify in finite time
that e.g. (a,)per arises as the traces of a representation p : Gal(Q/K) — GSpay, (Zy)

with integral Frobenius traces that is pure of weight 1 (and similarly for the claim

the tuple (ay)per arises as the traces of a representation p° : Gal(Q/K) — GSp,,(Q¢). In Step 6 we
are really trying to check that B has associated ¢-adic representation (p°)®9¢, and to do this in finite
time we must check an equality of traces at primes p € 7 — just checking at p € T is inadequate. So
the TraceTuples subroutine must also output the a,, := tr(p°(Frob,)) for p € T, and it does precisely
this. However this is a minor technical point, so in this description we will act like 7' = 7.

12We note that, because of Faltings’ Lemma with coefficient ring Z /¢, even though there may be
many mod-¢" representations p satisfying these properties, the trace function tr o p is still uniquely
determined.
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that p arises from an ¢-divisible group). It is not clear how to certify that such
a tuple does come from such a representation in finite time (after all, it is diffi-
cult to specify an (-adic representation in finite form), but to show that it does not
come from such a representation one need only examine mod-¢" representations
for larger and larger N. If there is no such /-adic representation, then for some
N there is no mod-¢" representation with the fifth property above, since if for all
N there is one with the fifth property above, then by an application of Kénig’s
Lemma one sees that there is a compatible system of such, and thus such an /-adic
representation.

We note also that it is obvious that the /-adic representation associated to an
abelian variety A/K with good reduction outside S has all of the above properties.
So at no point do we rule out tuples actually arising from abelian varieties of the
desired type.

Step 5 runs the "by night" procedure. One simply enumerates abelian varieties
A/K of dimension d - g with d € Z*, d < N, and h(A) < N. It is clear that this
is easily algorithmically possible (use Zarhin’s trick, Masser-Wiistholz, and a com-
parison of the Faltings height and the naive height under the Baily-Borel/Satake
projective embedding of Agi0.4.,). We note that the factor d € Z* arises because we
will prove tuples passing the above "by day" checks for all IV have a positive inte-
gral multiple that arises from an abelian variety A/K with good reduction outside
S.

Let us comment on this result. The argument very much follows arguments
in Section 3 of Patrikis-Voloch-Zarhin’s [77]. If a tuple (a,),er passes the "by day”
checks for all N, then, again by Kénig’s Lemma, it follows that there is an /-adic
representation p : Gal(Q/K) — GSp,,(Z,) that is unramified outside S, is pure of
weight 1, satisfies tr(p(Froby)) = a, for all p € T, has similitude character the /-adic

cyclotomic character, and for which p arises from an /(-divisible group over ok
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for all A|(¢). The last two properties imply that p is crystalline at primes above ¢
with all Hodge-Tate weights (under all embeddings K — Q,) 0,...,0,—1,...,—1.
—_— —

Thus by the Fontaine-Mazur conjecture (the semisimplification ofg) 0= p ézz Qv
occurs (after a Tate twist) in the (-adic étale cohomology of a smooth projective
variety X/K. By the Grothendieck-Serre conjecture in fact it is a summand of
said cohomology group. By the Tate conjecture the projector onto p° is a Q,-linear
combination of dim X-dimensional correspondences in X x X. However by con-
sidering the (semisimple) endomorphism algebra of the relevant motive we see
that there must be a Q-linear combination of correspondences giving this projec-
tor, since the endomorphism algebra is already split upon tensoring up to Q, let
alone Q; or Q,. So there is a number field £/Q for which there is an E-linear com-
bination of correspondences projecting onto p°. Our d is simply d := [E : Q]. We
find a rank d - (2¢g) motive M with Q-coefficients (arising from the rank 2¢g motive
with E-coefficients that is given by the produced projector) with ¢-adic realization
(p°)®?. By taking Betti realizations we find a polarizable Q-Hodge structure of type

(1,0),...,(1,0),(0,1),...,(0,1), corresponding to the aforementioned Hodge-Tate

-~ -~

d-g d-g
weights. Riemann’s classification produces an isogeny class of abelian varieties

A/C with the corresponding Q-Hodge structure, and the absolute Hodge conjec-
ture allows us to descend to the isogeny class of an abelian variety A/Q with this
Q-Hodge structure. By a restriction of scalars down to K and a use of the Tate con-
jecture for abelian varieties we eventually realize (p°)®? as the (-adic representation
associated to an abelian variety over K.

Step 6 enforces the aforementioned result. If the "by night" abelian varieties do
not account for all the tuples that have survived all the "by day" checks thus far,
then we have not run the checks with large enough N. So we increment N and
return to the beginning of the loop (namely Step 4). The aforementioned result

implies this check will eventually pass and we will pass to Step 7. Note that, if
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(p°)® is the (-adic representation associated to a d - g-dimensional abelian variety
A/K, then p° is the ¢-adic representation associated to a g-dimensional abelian
variety B/K if and only if A ~x B*?. So, with A/K in hand, we may simply check
if A/K is a d-th power up to K-isogeny using Masser-Wiistholz. This is what the
NotAPower call does for us, and so we end up with only those tuples (a,),cr that
genuinely arise (i.e. no multiple necessary) from abelian varieties over K.

Now we are essentially done. Step 7 is necessary because we have thus far only
worked up to K-isogeny, and thus only produced at least one abelian K-variety
with good reduction outside S in each K-isogeny class of such. But of course
given A/K, we have a bound on the heights of all B/K with B ~x A, by Masser-
Wiistholz. The FilllsogenyClasses call serves to implement this.

Thus we conclude.

7.3.2 TraceTuples(g, K,S,T,(,N):
Input: g, K, 5,T,¢, N.
Output: (M, T, Z):

N
T := U output of FaltingsPrimeList(d - (2¢), K, S, {),
d=1

7 a finite set of elements of ZT such that, for all B € Ay(ok.s),
tr(Froby ~ He (Bg, Q0))yer € Z

and M € Z" with M > N.

Algorithm:
1. Let T := |J)_, output of FaltingsPrimeList(d - (2¢9), K, S, {).

2. Let M = gm10 . N0 maxXyer, (Nm p)lom-
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3. Let

( p: Gal(@/K) — GSpyy (Z/6V) :

p unramified outside S,
Ry = SeemspDivisible(p, g, K, ¢, A\, M) returns True for all primes \|(¢) of K,
and, Vp C ox withp € S, p 1 (¢),and Nmp < ¢V,

Jla, € Z with |a,| < 2¢ - /Nmp and a, = tr(p(Frob,)) (mod M)

4. Let

Z = {(ap)pery € Z™ |3p € Ryr : ¥p € T, |ay| < 2g-+/Nmp, a, = tr(p(Frob,)) (mod ()}

5. Output (M, TN, Z).

7.3.2.1 Explanation in words.

We first essentially repeat the summary in Section [7.3.1.1; one should think of
this algorithm as producing the finite set of tuples (a,),cr for which there is a p :

Gal(Q/K) — GSp,,(Z/tN) satisfying tr(p(Froby)) = a, (mod V) for which:
o (Integrality) a, € Z forallp € T,

o (Purityatp € T)

lap| < 2¢-+/Nmp
forallp € T,
e (pis unramified outside S) p is unramified outside S,

e (p has cyclotomic similitude character) the character given by postcomposing
p with the projection 0 — Sp — GSp — G,,, — 0 is the mod-¢" reduction of

the (-adic cyclotomic character,
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o (p "seems" pure at small p ¢ T) for all primes p C ox of K with p ¢ S with

p 1 (¢)and Nmp < 019N, there is a unique integer a, € 7Z satisfying both

lap| < 2¢g - /Nmp and a, = tr(p(Froby)) (mod V),

e (p "seems to arise" from the N-th layer of an /(-divisible group) and such
that, for all primes \|(¢) of K, the Gal(Q,/K)-module structure on (Z/¢")®2

given by plq.@,/x,) extends to a finite flat group scheme over ok .

However for the purposes of the algorithm in Section[7.3.1, we must also know
the traces at p € Ty, where T' C T and traces at Ty determine a G-dimensional
abelian K-variety up to K-isogeny for all G < N - g. The point is that, while the
tuple (ay)per determines a g-dimensional semisimple /-adic representation that is
unramified outside S uniquely (if it exists), the tuple (d - a,)per may a priori not
determine such a d - g-dimensional Galois representation uniquely. So we simply
keep track of traces at more primes than those just in 7" throughout the argument

by including as well the a, for p € T in the output.

7.3.3 AbelianVarieties(g, K, S, N):

Input: g, K, 5, N.
Output: B, a finite subset of A,(0x ).
Algorithm:

1. Output the g-dimensional abelian varieties A/ K with good reduction outside

S and height h(A) < N.

We note that one can also, if one prefers, search through isogeny factors of
Jacobians of curves of bounded genus (using the Castelnuovo bound), via Masser-

Wiistholz.

150



7.3.3.1 Explanation in words.

This algorithm expresses the fact that the set A,(K) is recursively enumerable —
in other words, it allows us to search through abelian varieties (here of larger and

larger height).

7.3.4 FilllsogenyClasses(B, g, K):

Input: B, g, K : B a finite set of g-dimensional abelian varieties over K, K/Q a
number field.

Output: C, the finite subset of A/(K) containing exactly the abelian K -varieties
K-isogenous to an abelian variety in B.

Algorithm:

1. LefPW := maxc p MasserWiistholz(A, K).
2. LetG:={H|3A € B,ne Z" withn <W : H C A[n] a K-subgroup}.
3. LetC:={A/H: Aec B,H € G}.

4. Output C.

7.3.4.1 Explanation in words.

This algorithm produces the union of all K-isogeny classes intersecting the set B
of g-dimensional abelian varieties over K.

In future chapters we will simply apply Masser-Wiistholz to deduce a height
bound on a K-isogenous abelian variety and then enumerate bounded-height g-
dimensional abelian varieties over K. The method given here is a bit less imprac-
tical, and we have included it in this chapter just to indicate a slightly better way

to proceed. (The same goes for the NotAPower subroutine below.)

13That is to say, W is the Masser-Wiistholz bound on the minimal degree of a K-isogeny between
two g-dimensional, K-isogenous abelian varieties defined over K, say A and A’, where A € B.
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7.3.5 SeemspDivisible(p, g, K, ¢, A\, M):

Input: p, g, K, ¢, \, M, with p : Gal(Q/K) — GSpyy (Z /™).
Output: True or False.

Algorithm:

1. Let A := Homg, (Z/e")%2,Q;) and AV := Homg, g, /) (A; K»). Write

Q¢/K>»)

04 C A 04y C AY for the rings of integers of these étale K,-algebras.

2. Foreach R C 04 with Hom,, (R, 0x) C 04v, check if both R and Hom,, (R, 0x)
are closed under the ring multiplications of A and A", respectively. If so,

return True.

3. Return False.

7.3.5.1 Explanation in words.

A is the Hopf algebra associated to the finite commutative étale group scheme
G,/K», where G, := (Z/(M)%29 as abelian groups, with Galois module structure
given by p. We simply check that the finite commutative étale group scheme over
K has an integral model over ok . Such an integral model must be of the form
Spec R with R C o4 a subring, and such that (by Cartier duality) Hom,, (R, 0x) C
04v is also a subring. And indeed the latter property of a subring R C 0,4 implies
in reverse that Spec R is such an integral model. It remains to note that there are
only finitely many abelian groups (let alone subrings) Hom,, (04v,0x) C R C 04.
We note that, for p : Gal(Q/K) — GSpy,(Z;) and p, := pmod (", if
SeemspDivisible(p,, g, K, ¢, A, n) returns True for all n, then the (-divisible group
G,/ K whose Tate module is given by p (and is explicitly constructed to have n-th
layer given by G, /K, with notation as in the previous paragraph) is therefore
the generic fibre of an ¢-divisible group G,/ok, » (Whose n-th layers are the subrings

R, found in the course of the SeemspDivisible(p,, g, K, ¢, A, n) algorithm — note
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that we implicitly use Kénig’s Lemma here to make sure we choose a compatible
system of R,). By Tate’s Hodge-Tate decomposition or else a consideration of the
Dieudonné functor, it follows that p is crystalline at A with Hodge-Tate weights all
0or —1.

If moreover p has cyclotomic similitude character, then we find that, by autod-
uality, there must be exactly as many 0’s as there are —1’s — that is to say, in such
a case, the 2g-dimensional representation p is crystalline (thus de Rham) at A with

Hodge-Tate weights 0,...,0, -1,..., —1.
—_—— ——

g g9
In any case we find that, if p[q.g,/x,) Gal(Q,/K,) — GSpy,(Z,) does not arise

from an ¢-divisible group over oy » (in particular this implies that p|q, g, x,) does
not arise from the /-adic Tate module of an abelian variety over K, with good
reduction at \) for each prime A C o with A|(¢), then there is a prime A C ox with
Al(¢) and an n for which SeemspDivisible(p mod (", g, K, ¢, X\, n) returns False. This

is precisely what we need for the algorithm in Section [7.3.1]

7.3.6 NotAPower(B, K, S, g,d):

Input: B, K, S, g,d: B/K an abelian variety of dimension d - g with good reduction
outside S.
Output: True or False.

Algorithm:
1. Lef™W := MasserWiistholz(B, K).
2. LetC:={B/H:ne€Z",n<W,H C B[n|a K-subgroup}.

3. Checl)if there is a B/ K with B¢ € C.

14 Again, this is to say that, for all C/K K-isogenous to B/K, there is a K-isogeny B ~x C of
degree < W.

BFor example by computing the maximal height of an element of C' and then enumerating
bounded height abelian varieties over K.
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4. If so, return False. Else, return True.

7.3.6.1 Explanation in words.

This algorithm simply checks if B/K is a d-th power up to K-isogeny.

7.4 Proof of Theorem [7.1.1

In this section we prove the following theorem.
Theorem 7.4.1.

o (Proof of correctness assuming termination.) If Shafarevich(g, K, S) terminates, the

output is unconditionally correct.

o (Proof of termination.) Assume the Fontaine-Mazur, Grothendieck-Serre, Tate, and

absolute Hodge conjectures. Then: Shafarevich(g, K, S) always terminates.

Evidently this implies Theorem m

7.4.1 Proof of correctness.

Proof of correctness assuming termination. Let us first prove the first claim in Theo-
rem Let Y be the output of Shafarevich(g, K&, S). The claim is that Y =
Ay(ok,s). ThatY C Ay (ok,s) is evident: for all N, all B € B, of the form B ~ Bxd
have B/K of good reduction outside S, and thus B /K of good reduction outside
S, so that Cy C A,(ok,s) for all N. So let us show the reverse inclusion.

Let A € Ay (oks). Let p: Gal(Q/K) — GSp,,(Z) be its (-adic representation.
Then, using the notation of the TraceTuples subroutine, evidently p mod ™M c Ry
for all M. Hence, in Step 4, we find that (tr(Frob, ~ H (A5, Qr))),er € Z.

Then, because of the check in Step 6, there isa d € Z* and an A /K € By with

A~ A% Hence A € Cy, whence A € Y, as desired.
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Thus the first claim follows. O]

7.4.2 Proof of termination.

Proof of termination. Now let us turn to the second claim of Theorem As-
sume the Fontaine-Mazur, Grothendieck-Serre, Tate, and absolute Hodge conjec-
tures. We need to show that, for N sufficiently large, the check performed in Step
6 passes. Note: for N’ > N, writing T, and Z, for the values of T and Z computed
in the loop with parameter N = n and writing 7, : ZTn — 77 for the projection

(ap)pet, F (ap)per, we have that:
WN’(ZN’) Q WN(ZN) g 71010<Zl()10)7
which is finite. Thus we need to show: for all

(ap)per € m TN (ZN),

N>1010

thereisad € Z", an d@ € Zjg10.4, and a d - g-dimensional abelian variety B/K with

good reduction outside S such that
d - a, = tr(Frob, ~ Hélt(B/@, Qv))

for all p € Tigu0.4. Now, (ap)per € My>1010 TN (Zn) implies that, for N sufficiently

large (in terms of (ay)per), thereis an @ € Zjgo.y and a
o+ Gal(Q/K) — GSpyy (Z/6Y)

that is unramified outside S, has similitude character the mod-¢" reduction of the

(-adic cyclotomic character, is such that SeemspDivisible(py, g, K, ¢, A\, N) returns

155



True for all \|(¢), and is such that tr(p(Frob,)) = a, (mod ¢V) for all p € Tyguo.y-
Applying Kénig’s Lemma (and the fact that there are only finitely many represen-
tations Gal(Q/K) — GSp,,(Z/¢N) that are unramified outside S in the first place),
we find that we may assume without loss of generality that the py form a compat-

ible system. Let

p = lm py,
P = p ®z, Qy,
P’ = ("),

where the superscript "s.s." indicates that we have semisimplified.

Evidently p, p°, and p" each have similitude character the (-adic cyclotomic
character.

We claim that p° is unramified outside S and de Rham at primes above ¢ with

Hodge-Tate weights (under all embeddings K — Q)0,...,0,—1,...,—1. The first
—— — —

part is evident since, for p ¢ S with p { (¢), and for agil N, pn ig, trivial on the
inertia group I,, whence ' is trivial on I, as well (indeed, for g € I,, evidently
p(g) = id, so that ¢ acts as the identity on each Jordan-Holder constituent of 3,
whence p°(g) = id).

As for the second part, we follow the discussion in Section Let A\ C
ok be a prime of K with A|(¢). To say that SeemspDivisible(py, g, K, ¢, A, N) re-
turns True for all N is to say that, for all IV, the finite commutative étale group
scheme G, / K), given by the the Gal(Q,/ K )-module (Z/¢N )29 with action given
by pnlca@,/k,) has anintegral model G, /ok,x. By compatibility of the py we find
that the ¢-divisible group G,/ K, (which we note has n-th layer G, / K,) whose Tate
module is given by p|q.g,/x,) has an integral model G, /o » an (-divisible group

over ok (implicitly we use Kénig’s Lemma to choose the G, /o \ compatibly). It

156



follows that p|c, g, x,) is crystalline at A with all Hodge-Tate weights either 0 or
—1.

Now because p has similitude character the ¢-adic cyclotomic character it fol-
lows by autoduality that its Hodge-Tate weights under all embeddings K — Q,

are0,...,0,—1,...,—1.
—_——— ——

It fiilally remgins to deal with the Hodge-Tate weights of p°. First, since the
property of being crystalline is preserved under passing to subquotients (and p"
is a direct sum of Jordan-Holder constituents of p°), it follows that p° is crystalline
under all embeddings K — Q, as well. Moreover, because the Dy functor is
exact on the category of Hodge-Tate representations (and thus on the subcategory
of crystalline representations), it follows that the Hodge-Tate weights of p" and p°
match (since they are both multiset unions of the Hodge-Tate weights of the local
representations of the various Jordan-Holder constituents of 5). Thus we have that
p° is crystalline (hence de Rham) under all embeddings K — Q, with Hodge-Tate
weights u, —1,...,—1.

Therefor?e, by virtiqle of being finitely ramified, semisimple, and de Rham at
primes above /, it follows from combining the Fontaine-Mazur conjecture and the
Grothendieck-Serre conjecture that there is a smooth projective variety X/K, an
i € N,and a k € Z for which p° is a summand of H}, (X 5, Q) (k).

By the Tate conjecture, the projector H, (X 5, Q¢)(k) — H (X g, Qc)(k) corre-
sponding to projection onto the summand p" is given by a Q,-linear combination
of (maps induced by) correspondences in X x X. Proceeding exactly as in the
tirst paragraph of the proof of Lemma 3.3 in Patrikis-Voloch-Zarhin’s [77], we find
that, because of the Tate conjecture, we may in fact take the coefficients of the linear

combination to lie in Q. In other words, there is a finite set € of dim X -dimensional
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correspondences C' C X x X and a¢ € Q for which
mi= Y ac-C. € End(H} (X 5, Q)

is the projector onto p°.
Let £ := Q({ac}cer), a number field. Thus the pure motive over K with E-

coefficients given by

M := (X, k)
has ¢-adic realization p° —i.e., M, = p°.
Let M be the pure motive over K with Q-coefficients induced by M (so that,
e My = JEP = (p)ol5),
Let Mg be the Betti realization of M. Since the Hodge-Tate weights (under

all embeddings K — Q) of My are 0,...,0,—1,...,—1, it follows that Mg is a
—_—— ——

gBQ  glEQ]
polarizable Q-Hodge structure of type (1,0),...,(1,0),(0,1),...,(0,1).
o [EQ) o [EQ)
We now argue as in Blasius’s [25] and Patrikis-Voloch-Zarhin’s [77] (note that,

just as in Blasius, the latter argument only needg™| the absolute Hodge conjecture).
By the absolute Hodge conjecture, there is an absolute Hodge class in HZ4™ X (X x
X,Q) inducing H5(X,Q) - My C H5(X,Q). Let L/Q be the fixed field of this
absolute Hodge class — because the class is absolute Hodge, L/Q is a number
tield. By enlarging L if necessary, we may assume K C L.

Now, by the Riemann classification, there is a unique isogeny class of abelian
varieties A/C with H}(A(C),Q) = Mg. Because this isogeny class is countable, it
follows that we may take A/Q — i.e., without loss of generality A is defined over

Q. By again enlarging L if necessary, without loss of generality A is defined over

L.

16 Admittedly in the context of this chapter this is an irrelevant point, since the absolute Hodge
conjecture and the Tate conjecture combine to imply the Hodge conjecture.
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Therefore, using the same absolute Hodge class and the comparison theorem

between (-adic and Betti cohomology, we find that

H (A g, Q) = Resi(My).
Thus we find a surjection

Hg (Resg(A) g, Qo) — My,

where as usual Res%; (A) is the Weil restriction of scalars of A.

We now repeat the argument we gave to construct M, except with X replaced
by Resf(A). By Faltings’ proof of the Tate conjecture for abelian varieties and
semisimplicity of End(Resk (A)) ®; Q we see that this surjection is induced by a
projector in End ¢ (Res} (A)) ®7Q. Replacing E by an extension (thus A by a power)
if necessary, we therefore find a projector in End g (Resk (4)) @7 Q.

It follows that there is an isogeny factor A/K of Resk (A) such that:
Hélt.(/i/@ Q) = M,.

Thus by the Néron-Ogg-Shafarevich criterion it follows that the [E : Q] - ¢-
dimensional abelian variety A/K has good reduction outside S. Moreover it

follows that

tr(Frob, ~ Hélt.(fl/@, Q) =1E:Q]-a,

forallp € Tlglo‘[ g:q]- Thus we have produced the desired abelian variety A (and the

desired d € Z*, namely d := [E : Q]), and the proof of the theorem is complete. [
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Chapter 8

Ct(K),Volog g):

Bogomolov-Tschinkel.

Abstract.

We give an algorithm that, on input (C, K') with C'/ K a smooth projective hy-
perbolic hyperelliptic curve over a number field K, outputs C'(K), along with
a certificate of correctness of the output. Assuming a modularity conjecture
for fake elliptic curves over all number fields, we prove this algorithm always

terminates in finite time with the correct output.

The key trick is to use a theorem of Bogomolov-Tschinkel to reduce the prob-
lem to that of finding the rational points on the single curve Cg : y? = 25 + 1
over an explicit extension L/K, and then to notice that Cs is (a twist of) a
Shimura curve with level structure to produce a family of abelian surfaces

with quaternionic multiplication (i.e. "fake elliptic curves") over Cs.
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8.1 Introduction.

8.1.1 Main theorem.

In this chapter we prove the following theorem.

Theorem 8.1.1. 1. The effective Shafarevich conjecture for genus 2 Jacobians over
number fields implies the effective Mordell conjecture for all smooth projective
hyperbolic solvable covers of P! (in particular, for hyperbolic hyperelliptic curves)

over number fields.

2. Moreover, Conjecture[8.1.2] implies that there is a finite time algorithm that, on in-
put (C, K) with C /K a smooth projective hyperbolic curve over a number field K
that can be realized as a solvable cover of P* over Q, outputs C(K). In particular,
Conjecture implies that there is a finite time algorithm that, on input (C, K)
with C'/ K hyperbolic hyperelliptic, outputs C(K).

It is worth noting that Baker’s effective solution of S-unit equations provides a
solution of an effective Shafarevich conjecture for genus 2 (indeed, any hyperellip-
tic) curves, but this is not really relevant to the effective Shafarevich conjecture for
their Jacobians.

We also point out that Levin [66] proved that the effective Shafarevich con-
jecture for Jacobians of hyperelliptic curves of genus g would imply an effective
Siegel theorem for integral points on hyperelliptic curves of genus g. Theorem

B.1.T] of course improves this statement.

8.1.2 Main conjecture.

Let us now state Conjecture[8.1.2]

Conjecture 8.1.2 (Cf. e.g. Taylor’s 1994 ICM address [101], after "Further, it is now

standardly conjectured that..."). Let F'/Q be a number field. Let K/Q be a number
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field, with ry real places and ry complex places (so that 4 + 2ry = d = [K : QJ). Let
3k = (b3)™ x by, where by := C — R and b is hyperbolic 3-space. Let

Yi(1) == GLy(K)\ ((GLz(AK,f)/HGM(UK,p)) X 3K> :
p

where Agc == K ®,, [ ], 0x s the ring of finite adeles of K. Let T (1) denote the image of
the Hecke algebra in the endomorphisms of H*(Y1(1),C) and S,, T, € T1(1) the standard
Hecke operators.

Then: there is a bijection between nontrivial characters 6 : T,(1) — F and isogeny
classes of 2 [F' : Q|-dimensional abelian varieties A/ K without sufficiently many complex
multiplications over K, with good reduction everywhere, and with K-endomorphism alge-
bra EndY (A) containing a quaternion algebra over F, such that, for all coprime primes (
of Z and p of K,

2-[F:Q]-0(T,) = tr(Frob, ~ V4(A)).

Let us immediately emphasize that we do not mean to suggest that this is a conjec-

ture of Taylor’s, and indeed we will essentially use the statement in the same way

he does in [101], namely to provide a context in which to discuss a new technique/|
In any case, here

Vi(A) = To(A) ©z, Q

with 7T;(A) = I'&nA[E"] the usual /-adic Tate module of A. Recall that a general-
ized fake elliptic curve over K is an abelian variety A/K for which its algebra of

K-endomorphisms contains a quaternion algebra with centre a totally real num-

dim A
2

ber field of degree over Q. We note that we will only really need the above

conjecture in the particular case of abelian surfaces (i.e. when the centre F' = Q), in

!In fact the existence of non-PEL-type quaternionic Shimura varieties seems to complicate things
quite a bit over a general number field, because of Deligne’s absolute Hodge theorem for abelian
varieties (consider e.g. the f-adic monodromy groups of fibres in the hypergeometric family of
abelian varieties associated to a nonarithmetic triangle group). In any case the techniques we give
will of course be robust to any such small modifications.
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which case the terminology "fake elliptic curve" is used. A more general conjecture
can be made by adding level structures (thus the notation T, (1), Y;(1), etc.), but for
us this is irrelevant because we use an explicit form of Grothendieck’s semistable
reduction theorem to pass to an explicit extension over which our abelian varieties
have good reduction everywhere (recall that division algebras have no nontrivial

unipotents).

8.1.3 A theorem of Bogomolov-Tschinkel.

We, of course, use a theorem of Bogomolov-Tschinkel [26], though in an improved

form due to Poonen [80]. Let
Co:y? = a5 + 1.

Theorem 8.1.3 (Poonen, Bogomolov-Tschinkel). Let (C, K, f) be such that C/K is a
smooth projective hyperbolic curve over a number field K and f : C' — P! is a solvable
cover of P! defined over K. Then: there is an effectively computable (in terms of (C, K, f))
tuple (C, L, @, g) with C'/L a smooth projective hyperbolic curve over a number field L,
¢ : C'— C an étale map defined over L, and g : C' — C¢ a nonconstant map defined over

L.

The reason this is relevant to us is the following particular case of a standard
theorem of Chevalley-Weil [38] (see also pages 65-67 of Weil’s collected works
[106]).

Theorem 8.1.4 (Chevalley-Weil). Let K be a number field. Let C,C"/K be hyperbolic
curves and ¢ : C — C" an étale map defined over K. Then: there is an explicitly com-
putable finite extension L/K such that

C'(K) € ¢(C(L)).
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(In other words, all K-rational points of C lift to L-rational points of C' over an
explicitly computable finite extension L/K — indeed, L is computed as the com-
positum of all extensions of K which have explicitly bounded degree and which

are unramified outside an explicit finite set of places.)

8.1.4 Main idea.

The content of this chapter amounts to the following very simple observation.

Lemma 8.1.5. The Belyi map Cs — P! via (z,y) —  realizes C as a twist of a Shimura

curve. Consequently, there is a nonconstant map

06—>A2

defined over Q, with image the locus of isomorphism classes of principally polarized abelian
surfaces with quaternionic multiplication by an explicit order in the discriminant 6 (thus

indefinite) quaternion algebra over Q.

The point is that, via Chevalley-Weil (Theorem|[8.1.4) and Bogomolov-Tschinkel
(Theorem as above, we are reduced to finding, for an explicit number field
L/K and finite set S of places of L, the abelian surfaces A/L with good reduction
outside S and admitting By — End) (A), where Bs/Q is the quaternion algebra
over Q ramified exactly at 2 and 3.

We then proceed to, "by day", diagonalize the actions on H%(Y;(1),C) of more
and more Hecke operators T}, with p of larger and larger norm — Nmyp < X,
say — and discard characters not taking rational values at all such 7,. "By night",
we enumerate abelian surfaces A/L of larger and larger height and compute their
ap. If an A/L has (ap)xmp<x in the "by day" set of tuples, and X is sufficiently
large (so that Faltings’” Lemma, i.e. Lemma of Chapter [/, applies), then by

Conjecture A/L mustbe L-isogenous to an abelian surface of the desired type.
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By invoking Masser-Wustholz we bound the height of an abelian surface over L in
the corresponding isogeny class, and then move to the next tuple.

And again by Conjecture [8.1.2} all the abelian surfaces we search for must ‘al-
ways’ (i.e. for all X) match a tuple in the "by day" set, and a tuple in the "by day"
set that ‘always survives’ (i.e. arises from a character T;(1) — Q) must come from
such an abelian surface. So eventually in the "by night" step we will find an abelian

surface matching an ‘always surviving’ tuple, so that the algorithm will terminate.

8.2 The algorithm.

Let us now precisely specify the algorithm alluded to above. In fact we will give
an algorithm solving a slight generalization of the problem at hand: we will give
an algorithm that finds the S-integral K-rational points on the canonical integral
model of a PEL-type quaternionic Shimura variety in finite time — i.e. we will
allow our abelian varieties A/K to have bad reduction at some places, and en-

domorphisms by an order in a totally indefinite quaternion algebra over a larger

dim A
2

number field of degree over Q (rather than just by an order in the indefinite
quaternion algebra of discriminant 6 over Q). Again, the case relevant to Theorem
is the case of o the maximal order in the indefinite quaternion algebra B;/Q
of discriminant 6.

We write Vj for the Shimura variety corresponding to o (without loss of gener-
ality V, will be defined over K), and V, for its canonical integral model over oy s
(S will always be sufficiently large so that there are no subtle issues about integral

models of our varieties).
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8.2.1 GeneralizedFakeEllipticCurves(o, K, 5):

Input: o, K, S, with 0 an order in a quaternion algebra B := 0 ®7 Q with centre
a totally real number field F’, K/Q an explicitly sufficiently large number field (so
that K splits B and V, is defined over K), and S an explicitly sufficiently large finite
set of places of K (so that S contains all infinite primes of K, all ramified primes
of K, all primes of K over 2,3, 5, and 7, and all primes not coprime to the ramified
primes of B).

Output: V, (0 5), in other word¢’|the 2 [F : Q]-dimensional abelian varieties 4/ K
with good reduction outside S and admitting a map o — End (A).

Algorithm:

1. Let ¢ be a prime of Z not lying below any prime of S. Let £//K be the com-
positum of all extensions of K unramified outside S and of degree < 101*F@,
Let T be the finite set of places of E lying over a place in S. Let r; and r; be

the respective numbers of real and complex places of £, and let d := [E : Q].

2. Let V™M(op 1) be the set of abelian varieties of the form A®/F, where ® is a
CM type of the maximal imaginary CM subfield E/E“™ of E (if one does not
exist then VM (o 1) := 0), and A® is the CM abelian variety corresponding

to the reflex CM type of (EM, ).
3. Let ¥ := output of FaltingsPrimeList(2 - [F': Q|, E, T, ().
4. Let N := 10'°.

5. Let
Sy i=XU{pCop:Nmp <N, (Nmp, (- [[Nmq)=1}.

qeT

6. Let
AN = {8 : Tl(l) —C: \V/p c EN,H(Tp) S UF}.

ZRecall that in this thesis we completely ignore stack-theoretic issues (since they are irrelevant).
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7. Let

o A/E dimA=2-[F:Q|,h(A) <N,
b 30 € An :Vp e Xy, 2 [F:Q]-0(T,) = tr(Frob, ~ V(A))

8. If, for some 0 € Ay, there is no A € ¥ for which

2-[F:Q]-0(T,) = tr(Frob, ~ V4(A))

for all p € X, then increment N +— N + 1 and return to Step 5.

9. Lef]
H = max MasserWiistholz(A, E).

Aebn UVEM (o)

10. Output the points in V,(0k,s) of height < H.

8.2.1.1 Explanation in words.

The extension £/ K is chosen so that, for an abelian variety A/K with quaternionic
multiplication by B/F of dimension dim A = 2 - [F' : Q], the base change A/FE has
good reduction everywhere (see Lemma 8.3.2).

So we search instead for abelian varieties over £ with good reduction every-
where. (This is why we have formulated Conjecture sans level structure.)

Because Conjecture concerns non-CM abelian varieties, we must treat CM
abelian varieties by hand. Of course this is simple: if an abelian variety A/FE has
sufficiently many complex multiplications over E, its A-adic (with )\ a prime of F')

Galois representations are abelian, and the characteristic polynomials of the Frob,

3Here MasserWiistholz(4, K) € RT is an explicitly computed constant such that, for all B/K
abelian K-varieties that are K-isogenous to A/ K,

h(B) < MasserWiistholz(A4, K).

See Theorem of Chapter [/|for precise constants.
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have coefficients in F'. Thus by the main result of Henniart’s [56], it follows that
they are direct sums of the A\-adic realizations of algebraic Hecke characters of E.

By the classification of algebraic Hecke characters (and the fact that the A-adic
representation of A/E is pure of weight 1), it follows that if A has sufficiently many
complex multiplications over E then it must be of the form given in Step 2. So Step
2 indeed deals with the CM abelian varieties.

Now we discuss the non-CM abelian varieties.

The purpose of Step 3 is to ensure our sets of primes in Step 5 are sufficiently
large to ‘separate L-functions’, so to speak. And indeed by definition the (a,)yex
determines such an abelian variety A/E up to E-isogeny.

Step 4 gives the initial conditions of a loop. Step 5 defines the set of primes p for
which we will diagonalize the actions of the Hecke operators 7, on H%(Y;(1),C),
in order to check rationality of the various characters of the Hecke algebra prime-
by-prime. Step 6 defines the characters that "look” rational — this set is computed
by exact linear algebra and knowledge of characteristic polynomials of Hecke op-
eratorsf]| In our "day/night" description of the algorithm, Step 6 is the "by day"
step.

Step 7, then, is the "by night" step. In it we simply enumerate abelian varieties
of the correct dimension and larger and larger height, and compute their tuples
(ap)pex,y to see if they match the characters found in Step 6. If there is at least one
that does not match, we repeat the loop after incrementing N — this is Step 8.

Once we reach Step 9 we know that all characters in Ay must have matched
some abelian variety in ¢y (see Conjecture to see why we will always exit
the loop and reach Step 9). We are essentially done, except that we have only

determined a set of abelian varieties with the property that the abelian varieties

“Specifically, one takes more and more Hecke operators so that all common eigenspaces are one-
dimensional (a rank calculation), and then after that one can express the statement that 7 acts by
6(Ty) on the common eigenspace of the 7}, as the vanishing of a determinant.
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we are interested in are all E-isogenous to an element in this set. So we use Masser-
Wiistholz (we could also use a result of Raynaud, making precise Faltings’ isogeny
estimate) to produce a height bound on the abelian varieties we are interested in,

and then enumerate in Step 10

8.3 Proof of termination and correctness.

In this section we prove the following theorem.

Theorem 8.3.1. Let K/Q be a number field. Let S be a finite set of places of K. Let F'/Q
be a totally real number field. Let o C B be an order in a totally indefinite quaternion
algebra B/F over F. Then: on input (o, K, S), the algorithm specified in Section

terminates with output V,(ox s).

We will see in Section 8.4 that this implies Theorem [8.1.1]

8.3.1 Preliminary lemmas.

We first prove Lemma We note that the Lemma is implicit in a table of Wolfart

(see pages 17 and 18 of Wolfart’s [107], particularly the fourth line of the table on
page 18).

Proof of Lemma The degree 12 map Cs — P! via (x,y) — 2% is unramified
outside {0, 1,00}, and, over these points, has ramification degrees 6, 2, 6, respec-
tively. In fact it also exhibits C as a Galois ramified cover of P!, with Galois group

Z]2 x 76, with action

(a,b) - (z,) = (G - @, (=1)" - ).

>We note that this is an especially lazy way of completing the endgame, since we already have
explicit representatives of each isogeny class we are interested in in hand. We also note that im-
plicit here is a comparison between the Faltings height and the naive height arising from a Baily-
Borel/Satake compactification — it is much easier to enumerate bounded-height points in projec-
tive space, after all.
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Thus we have produced an unramified Z/2 x Z/6-Galois cover Cs — P!(2,6,6) :=
h/A(2,6,6). On the other hand, h/[A(2,6,6),A(2,6,6)] — b/A(2,6,6) = P1(2,6,6)
is an unramified cover with Galois group A(2,6,6)* ~ Z/2xZ/6. Itis fairly simple
(see e.g. Lemma 2.1.2 of [76]) to classify such covers, and there is only one. Because

A(2,6,6) is arithmetic, the claim follows. O
We will also use the following standard observation:

Lemma 8.3.2. Let F'/Q be a totally real number field. Let B/F be a quaternion algebra
over F. Let K/Q be a number field, and S a finite set of places of K containing all places of
K above 2,3,5,7, and oco. Let L/ K be the compositum of all extensions of degree < 10'%9
that are unramified outside S. Let A/K be an abelian variety of dimension 2g admitting

B« End)%(A). Then: A/L has good reduction everywhere.

Proof. This is because of the explicit form of Grothendieck’s semistable reduction
theorem: A/E has semistable reduction because E contains the field K (A[210]), for
example, since said field has suitably bounded degree and ramification.

Thus at a finite prime the special fibre of the Néron model is semiabelian. Writ-
ing T for its torus part, we find (since endomorphisms act on the special fibre by
naturality of the Néron model) B — End(T) ~ Mgim7r(Q), an injection since B is

a division algebra. In other words we find a B-module structure on Q4™7. Hence
4.[F:Q]=dimgB| dimT <2-[F: Q]

Therefore dim 7" = 0 and so A has good reduction at this primel] O

®This is in fact the same argument as is given in Boutot’s proof of the Proposition in Section 5
of his Expose III in [32], as well as essentially the same argument as is given in Ribet’s proof of
Theorem 3 in his [82].

In the particular case that is relevant to us — namely B = Bg, the indefinite quaternion algebra
of discriminant 6 over F' = Q — it is simpler to just note that the 2-adic and 3-adic Galois represen-
tations land in the units of the division algebras B ®g Q2 and B ®g Q3, which have no nontrivial
unipotents.
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8.3.2 Proof of Theorem

We break the proof into two parts for clarity. First we prove that, if the algorithm
terminates, its output is correct. After that we will prove that the algorithm always

terminates.

8.3.2.1 Proof of correctness.

Proof of correctness assuming termination. We first deal with the proof of correctness.
Because of the last step of the algorithm in Section[8.2.1} it suffices to show that any
abelian variety A/K with o-multiplication over K and good reduction outside S
has height bounded by the H computed in Step 9 of the algorithm. By Lemma
A/E has good reduction everywhere. Moreover h(A/E) = h(A/K) since the
Faltings height is unchanged under base extension.

We now split into two cases.

If A/E has sufficiently many complex multiplications over F, then we claim
that A is E-isogenous to an element of the set VM (o5 ) defined in Step 2. In-
deed, we repeat the argument given in Section its A-adic (with A a prime
of F') Galois representations are abelian, and the characteristic polynomials of the
Frob, have coefficients in /. Thus by the main result of Henniart’s [56], it follows
that these A\-adic representations are direct sums of A-adic realizations of algebraic
Hecke characters x of F.

By the classification of algebraic Hecke characters (and the fact that the A-adic
representation of A/E is pure of weight 1 — see the proof of Lemma in Chap-
ter 9 for a lengthier explanation), the claim follows.

Therefore in case A/E has CM, it follows that h(A) < H, by Masser-Wiistholz
(see Theorem in Chapter[7]for a precise statement).
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Now we deal with the case that A/E does not have CM. By Conjecture [8.1.2]
applied to E, thereisa 6 : T (1) — F with

2.[F: Q] 0(T,) = tr(Frob, ~ Vi(A))

for all p prime to /. Thus 6 € Ay forall V.
Because we have assumed the algorithm terminates, eventually we reach Step
9. Let M be the value of the parameter N when the algorithm passes to Step 9.

Since 0 € A,y, it follows that there is an A’ € 6, for which

2.[F: Q] 0(T)) = tr(Frob, ~ Vi(4"))

forall p € X,,. Hence tr(Frob, ~ V;(A)) = tr(Frob, ~ V4(A")) forall p € X, hence
there is an E-isogeny A ~p A, since ¥ C Xy;.

Hence by Masser-Wiistholz h(A) < H, as desired. O

8.3.2.2 Proof of termination.

Proof of termination. Now let us prove that the algorithm terminates. Evidently
Steps 1,2,3,4,5,6, and 7 terminate. If we reach Step 9 (i.e. Step 8 terminates with-
out returning to Step 5), then, since it is evident that Steps 9 and 10 terminate, we
are done. So it suffices to show that we reach Step 9. In other words, we must

show that, for NV sufficiently large, and for all § € Ay, thereis an A € €y for which

2.[F:Q|-0(T,) = tr(Frob, ~ Vy(A))

forallp € Y. But Ay C Ao forall N > 10'°, and the latter set is finite. Thus for N
sufficiently large, all § € Ay are such that 0 : T;(1) — F'. Thus, for such N, and for
6 € Ay, by Conjecture there is an abelian variety A/E withdim A = 2-[F': Q),
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with good reduction everywhere, and for which
2-[F:Q]-0(T,) = tr(Frob, ~ V4(A))

for all p prime to ¢. Increasing N if necessary so that h(A) < N, we find that this

A € €. So we are done. O

8.4 Proof of Theorem

Let us first set notation.

Because C5/Q is a twist of a Shimura curve, there is a number field F' such
that C/F is (the base change of) a Shimura curve over F. Thus there is a map
1 : Cg — Ay defined over F.

Let T be a finite set of primes of F' that is sufficiently large so that the map
1 : Cg — Ay extends to

\112C6—>./42,

a map of integral models over oz 7, where Cg is the minimal proper regular model
of Cs over o1 and A, is the canonical integral model of A, over oz — note that
we implicitly take T to be very large, so that we avoid any subtleties whatsoever
about these integral models (e.g. Cs is smooth and has the Néron property over

OF,T)-

We first prove part([I] of Theorem [8.3.1}

Proof of Theorem part[I Assume an effective form of the Shafarevich conjec-
ture for Jacobians of genus two curves over number fields — in other words, that
As(oks) is effectively computable in terms of (K, S) with K a number field and

S a finite set of places of S| Let C/K be a smooth projective hyperbolic curve

"This is equivalent because, by Baker, the effective Shafarevich conjecture holds for moduli of
elliptic curves, so that we may ignore the reducible locus.
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over a number field K that is equipped with a map C' — P! that is defined over
K and that realizes C as a solvable cover of P'. By Poonen/Bogomolov-Tschinkel
(Theorem [8.1.3), there is an effectively computable (in terms of this data) tuple
(C,L,¢, f) with ¢ : C — C étale, f : C — Cs nonconstant, and everything de-
fined over the number field L/K. By Chevalley-Weil (Theorem [8.1.4), there is an

effectively computable L/ for which

C(K) € C(L) € @(C(L)).

By replacing L by F'L if necessary, without loss of generality F C L. Note that

F(C(D)) € Cs(L),
and that it is easy to determine if an element of C(L) lies in f(C/(L)).
It follows that we need only determine Cs(L). Let S be a finite set of primes

of L containing all primes over 7. Then, (the isomorphism by the Néron property,

though we do not need it)

)4

Cs(L) ~ Co(o0; g) — As(0f g).

By hypothesis, we may effectively determine Aj(o; 4). We conclude by testing
each element of A;(0; ¢) for membership in the image of 1), which is easy. Thus

the first part follows. O
Finally we prove that Theorem implies part[2] of Theorem [8.1.1]

Proof that Theorem implies part 2] of Theorem We modify the above proof
of part [I| of Theorem by computing ¥(Cs(0; ¢)) assuming Conjecture [8.1.2)

instead of an effective form of the Shafarevich conjecture for genus two Jacobians.
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We note that the image of the map ¢ : C5 — A, lies in the locus of princi-
pally polarized abelian surfaces with endomorphisms by an order in the indefinite
quaternion algebra B;/Q of discriminant 6. Therefore each point of ¥(Cs(0; 4)) is
a principally polarized abelian surface over L with good reduction outside S and
L-endomorphisms by an explicit order o in Bs. Because it is easy to check if an
L-rational point is in the image of ¢, and also if it lifts to an L-rational point of Cj
via 1) : Cg — Ay, it suffices to compute the principally polarized abelian surfaces
over L with good reduction outside S and L-endomorphisms by 0. By Theorem

this is done by the algorithm specified in Section oninput (0, L, S). [

This completes the proof of Theorem 8.1.1
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Chapter 9

Ho(og g): potential modularity and

unconditional algorithms.

Abstract.

We give a finite-time algorithm that takes as input (o, K, ) with K/Q totally
real of odd degree, S a finite set of places of K, and o an order in a totally real
field, and outputs the abelian K-varieties with o-multiplication over K with
good reduction outside S — in other words, the ok s-points of the (canonical

integral model of the) Hilbert modular variety H, associated to o.

It follows that there is a finite-time algorithm that takes as input (C, K'), where
C/ K is a smooth projective (necessarily hyperbolic) curve admitting a noncon-
stant map defined over an odd-degree totally real field to a Hilbert modular

variety, and K is an odd-degree totally real field, and outputs C'(K).

Because such curves C' abound, this gives an abundance of curves with ratio-
nal points for which there is a completely unconditional algorithm determining

their rational points over all odd-degree totally real extensions.

The key point of this chapter is that one can apply known potential modularity
theorems in this setup, because one can find a point guaranteed by the Moret-

Bailly theorem in finite time.
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We note also that one can remove the phrase "odd-degree" above if one also
allows the algorithm to either output #,(0x,s) (or similarly C'(K)) or an un-
conditional disproof of the absolute Hodge conjecture — this arises because it
is not yet known unconditionally that all parallel weight two Hilbert modular
eigencuspforms over even-degree totally real fields are associated to GL2-type
abelian varieties, but this statement does follow (in quantitative form, basi-
cally because one can always associate an explicit motive to the symmetric

square lift) from the absolute Hodge conjecture.

9.1 Introduction.

In this chapter we apply the key underlying idea of Chapter |8, namely (and
roughly) that one can replace the conjectures in the realm of motives used in
Chapter [7]by instead appealing to conjectures in the realm of modularity, in order
to produce an unconditional algorithm determining the rational points on a large
class of curves. The key point is that the hypotheses one needs — (potential) mod-
ularity of abelian varieties in one direction, and the existence of abelian varieties
associated to automorphic representations in the other direction — are available
in considerable generality unconditionally]|

However, there is a tradeoff. Recall that, in Faltings’ original argument [47]], one
reduces (using Parshin’s observation that an old construction of Kodaira of com-
plete curves in M, can be applied in this context) the problem of rational points
on curves to the problem of S-integral points on A,. Corresponding to this, one
could replace the motivic hypotheses of Chapter[7]with suitable modular hypothe-

ses on Galois representations valued in GSp,,, and the ideas of Chapter /] would

!t is not such a surprise a posteriori that the argument uses potential modularity results to es-
tablish a consequence of motivic conjectures, since after all it is through modularity (and the knowl-
edge of the cohomology of Shimura varieties) that one can currently prove cases of the Fontaine-
Mazur conjecture in the first place.
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still work. However of course when g > 2 these modular hypotheses are also out
of reach, so this is not obviously progress.

So it seems we do not improve our position by replacing motives with auto-
morphic representations. However nothing forces us to use Kodaira’s construction
in this context — indeed we have already seen in Chapter [§| that finding maps to
more restricted Shimura varieties can considerably improve our situation. And the
point here is the following: since Galois representations valued in GL, (which, in
our context, correspond to GL,-type abelian varieties) are much better understood,
why not work inside a Hilbert modular variety H, instead of the whole of A,? So
we see the tradeoff: Kodaira’s construction produces, for any hyperbolic curve, a
nonconstant map to some A,, whereas we are not sure which curves admit such
maps to some Hilbert modular variety H,. Moreover, since we only understand
modularity questions over CM fields (and can only always construct abelian vari-
eties associated to the relevant type of automorphic representations when the field
is totally real of odd degree), we need hypotheses about the field of definition of
the nonconstant map from the curve to this H,.

Nonetheless, since Hilbert modular varieties are quasiprojective with very
small (indeed, zero-dimensional) boundary, complete curves on them abound. In

any case, this explains the source of the hypotheses on our curves in this section.

9.1.1 Main theorem.
We prove the following theorem.

Theorem 9.1.1. There is a finite-time algorithm that computes

(07K7 S) — HU(OK,S)a
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where o is an order in a totally real field, K /Q is a totally real field with [K : Q] odd, S is
an explicitly sufficiently large (in terms of K and o) finite set of places of K, and H, is the

canonical Z[S~']-model of the Hilbert modular variety associated to o.

Unsurprisingly, essentially the same finite-time algorithm also computes, on
input (o0, K, S) with o an order in a CM (instead of just totally real) field L/Q, the
abelian varieties A/K with good reduction outside S, with dim A = [L : Q], and
K-endomorphisms by o, but we have stated the above theorem for totally real
endomorphism fields for convenience.

The case K = Q of the above was done by von Kénel [104] (Murty-Pasten [75]
similarly, but independently, dealt with the case K = Q and o = Z) using the
resolution of Serre’s conjecture over Q by Khare-Wintenberger [61,62]. Moreover
these works give quite explicit height bounds on the relevant abelian varieties,
whereas we have phrased the above theorem in terms of finite-time algorithms for
simplicity (and to match the other main theorems of Part II of this thesis). However
one could in principle rephrase our argument as giving an explicit height bound
on the relevant A/K — see the discussion in Section and note that every
other step of our argument is already made explicit below.

We will mostly focus on the odd-degree case below, but we note that in Section
9.5|we explain how to modify the arguments given to prove Theorem[9.1.1)in order

to prove the following.

Theorem 9.1.2. There is a finite-time algorithm that, on input (o, K, S), outputs either
Ho(0k,s) or else an unconditional disproof of the absolute Hodge conjecture. Here o is an
order in a totally real field, K/Q is a totally real field, S is an explicitly sufficiently large
(in terms of K and o) finite set of places of S, and H, is the canonical Z.[S~'|-model of the

Hilbert modular variety associated to o.

We note that the absolute Hodge conjecture arises because of Blasius’s con-

struction [25] of abelian varieties associated to parallel weight 2 Hilbert modular
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eigencuspforms in cases where the usual construction (Jacquet-Langlands transfer
to a quaternion algebra split at only one place at infinity and take the correspond-

ing quotient of the Jacobian of the corresponding Shimura curve) fails.

9.1.2 Main corollary and motivation.

Let us first detail the main corollary and motivation for Theorem and then

discuss the key ideas that go into its proof.

Definition 9.1.3. Let K/Q be a totally real field with [K : Q] odd. A smooth projective
hyperbolic curve C/ K is called oddly totally really nice if and only if there is an order
o in a totally real field and a finite-to-one map C — H, defined over an odd-degree totally

really field, where H, is the Hilbert modular variety associated to o.

Corollary 9.1.4. There is a finite-time algorithm that computes

(C,K) — C(K),

where C'/ K is an oddly totally really nice curve and K /Q is totally real with [K : Q] odd.

Assuming Theorem[9.1.T} the proof is immediate: one can find a map by search-
ing; once one has found such a map then the map extends to S-integral models for
S explicitand large —e.g., to C — H,, where C is the minimal proper regular model
of C over ok, s (Which is smooth for S sufficiently large and thus satisfies the Néron
property, though this is not necessary here) and H, is the canonical model of H,
over Z[(Nm S)~!] — and then one has reduced to computing the S-integral points
on the canonical integral model of a Hilbert modular variety.

Note that such curves abound because Hilbert modular varieties can be com-

pactified into projective varieties by points, so that general curve sections and their
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(e.g. ramified) covers give examples of such curves. One has so much freedom that
one can prescribe lots of points to lie on these curves as wellﬁ

We note here that not only is there no algorithm to find rational points on
smooth projective hyperbolic curves over number fields that provably always ter-
minates (though recall that Chapter[7]gives an algorithm with unconditionally cor-
rect output and which terminates conditional on standard conjectures) — even
over Q, even when the Chabauty hypothesis holds, etc. — there is also no uncon-
ditional algorithm to even determine the ranks of the Jacobians of such curvesﬂ

Counterintuitively, we produce here smooth projective hyperbolic curves C/ K
over odd-degree totally real fields K for which, for every odd-degree totally real
extension L/K, one can unconditionally determine C(L) in finite time, but for
which no unconditional method is known to determine rank (Jac C')(L). Indeed,
for very large L/K, one expects the algebraic rank of JacC over such L to also
be large (or even Jac C' might not be GL,-type) since e.g. we may specify many
points to lie in C'(K), so that the usual unconditional method of determining ranks
of abelian varieties — namely, constructing suitable Heegner points and using a

Gross-Zagier-type formula/Kolyvagin-type Euler systems argument — must fail.

9.1.3 Main ideas.

Let 0 be an order in a totally real field /' and A a prime of o with residue character-
istic ¢, which we will assume to be prime to all data in sight. Let K/Q be a totally
real field with [K : Q] odd. Let S be a finite set of places of K.

2This comment is necessary because Shimura curves associated to indefinite quaternion algebras
over Q also lie inside these Hilbert modular varieties, but they lack real points. In other words there
is already an extremely fast algorithm for determining their points over totally real fields.

3 Assuming finiteness of the Tate-Shafarevich group the evident day/night descent/search pro-
cedure works, as first pointed out by Tate (see his comments after Conjecture 4.1 in [100]) when
conjecturing the finiteness of the Tate-Shafarevich group.
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As usual, we will completely ignore stack-theoretic issues and just discuss
the question of determining the [F' : Q]-dimensional abelian K-varieties with o-
multiplication defined over K and good reduction outside S, since this is evidently
sufficient.

If we knew that all the abelian varieties in question were modular (in the sense
that their L-functions match the L-functions of parallel weight 2 Hilbert modular
eigencuspforms over K), then we would immediately be done via an essentially
one-line argument: all & -simple| such abelian varieties would be quotients of the
Jacobian of a single Shimura curve’, and thus Masser-Wiistholz would bound all
their heightﬂ This is essentially the argument used by von Kénel [104] and Murty-
Pasten [75] to find Z[S~!]-points on these Hilbert modular varieties (i.e. to treat the
case K = Q), using the resolution of Serre’s conjecture by Khare-Wintenberger
[61,62]: there, the corresponding Shimura curves are modular curves, and one is
dealing with classical weight 2 modular forms.

We will instead use potential modularity theorems. After all, Serre’s conjecture
is not available in this generality, and moreover the available modularity lifting
theorems are weaker. Naturally it is then the inclusion of the word "potential” that
presents the major obstacle to be overcome. Let us now describe the technique. We
will first describe it in significantly less streamlined form, in order to explain a trick
("moving in a compatible family") which we are able to avoid using here by using

our Lemma (an explicit form of a large-residual-image result of Dimitrov [44])

“Non-simple such abelian varieties are all of the form B*" for a B/K with o’-multiplication,
where ¢’ is an order in a subfield F/ C F — see Lemma

>— namely, corresponding to a quaternion algebra over K unramified at exactly one infinite
place and at all finite places, and with level structure explicitly depending on S.

®Let A/K be an abelian variety with K-quotient B/K. By Poincaré complete reducibility, there
isa C/K with A ~k B x C. By Masser-Wiistholz and Bost’s lower bound for the Faltings height,
it follows that:

h(B) < h(B x C) + Odim (1) <p(a),dima 1-
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rather than Lemma 7.1.3 of [3] (which we will henceforth call the "ten-author pa-
per"), but which may prove useful in other adaptations.

By Faltings” Lemma, there is an explicitly computable finite set T of places
of K that is disjoint from S and such that trace functiond| of representations
Gal(Q/K) — GLy(0y) that are unramified outside S are determined by their val-
ues at Frob, for p € 7). In fact for ease of notation we may replace the order o by
the maximal order oy since this simply enlarges the set of Galois representations
in question. Because of Lemma we may act like all of our abelian varieties
are K-simple for the sake of this discussion.

The Galois representations of the abelian varieties we are interested in are all
pure of weight 1 and have F-rational traces. Thus their traces at Frob, for p € T},

say a, € o, satisfy

lapl, < 24/Nmp

for all places v|oco of F. Hence the tuples (ay)per, lie in an explicit finite set, say A.
Our goal is to compute a finite set 7 of odd-degree totally real extensions
L/K that has the property that any A € H,(ox s) is modular over some L € F.
Then we may repeat the above argument (transfer to a quaternion algebra, look
at the Jacobian of the corresponding Shimura curve with level structure, and use
Masser-Wiistholz to deduce a height bound) for each L € F to deduce a bound
on the heights of points in #,(0x,s), after which enumeration of bounded-height
points suffices. To do this we first compute which of the @ € A are congruent to

(t(Froby))per,, with ¢t running over the trace functions of the finitely many possi-

"By the trace function of p : Gal(Q/K) — GL,(R) we simply mean the class function
Gal(Q/K) — R given by tr o p. We note that Faltings’ Lemma holds not only for R = Z; or oy
or similar rings, but also for R = Z/{™ or o/\", in the sense that the values of a trace function
of a representation into GL,,(R) at primes in T} determines it on all of Gal(Q/K) — see Lemma
of Chapter [/} Of course when R = Z/¢™ or o/\™ Brauer-Nesbitt is not applicable and so for
consistency reasons we avoid talking of semisimple representations etc. even when R = o,.
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ble mod-\ representations (computed using Hermite-Minkowski). We throw out
those that do not "lift" to a mod-\ representation.

Then we work with the mod-\ representations p.

o If p satisfies the Taylor-Wiles condition (namely that p|q. g/ x () ®o/n F, is
irreducible), then we follow Snowden (thus ultimately Taylor) and compute
a totally real point on a twist of a Hilbert modular varietyf] The computation

is guaranteed to terminate by a theorem of Moret-Bailly.

Using that point, we follow Snowder[’| to produce a totally real Galois ex-
tension L/ K over which any of our abelian varieties in question with mod-\
representation p become modular over L. Let H be a 2-Sylow subgroup of
Gal(L/K). Then L/L" is a solvable extension, and L /Q is a totally real field
of odd degree. Therefore by solvable descent for GL,, all such abelian vari-
eties with mod-\ representation p are also modular over L”. Thus we add

L to F and move to the next mod-) representation.

o If p does not satisfy the Taylor-Wiles condition, we "move" in a compatible
family until it does. Ultimately by a theorem of Larsen (we follow the ar-
gument in the ten-author paper [3])), it essentially follows that either a is
not the tuple of traces at T of a compatible family of representations (p, :
Gal(Q/K) — GLa(04)), that is unramified outside S, or there is a large prime
q C o for which there is a mod-q representation p’ with tr(p'(Frob,)) = a,

(mod q) for all p € T), and satisfying the Taylor-Wiles condition.

8In fact we have to do this for a finite set of such varieties, one for each definite type function (in
the sense of Snowden’s [95]) on primes above ¢, but this is immaterial.

Note that if we had instead directly used Corollary 7.1.11 in the ten-author paper [3], along with
the note that the extension produced may be taken to be unramified above infinite primes (thus in
the case of a totally real field one gets a totally real extension), we would be able to avoid the
discussion of the Taylor-Wiles condition by just producing compatible families. We use Snowden’s
[95] because Lemma will allow us to work at one prime only, rather than with a compatible
family. Moreover, we learned the idea of using solvable descent to produce an odd-degree extension
from his [95].
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However there is a serious obstruction to be overcome: informally, we
"know" the what the traces must be of such a compatible family at 7},
namely we know (a,),cr,. But to run the above arguments with a different
prime q we must know the traces at a set 7;, which may well be quite differ-
ent from 7T, — in other words, knowing only the traces at 7} a priori will not

determine a g-adic representation for other primes g.

But of course there is a trick: all of these representations must be pure of
weight 1 if they are to arise from an abelian variety, and we already "know"
all Frobenius traces modulo A for huge N. So, if we are trying to compute
a, for p € T, for example, we may first take IV very large in terms of p
and compute a, mod AN by using a mod-\" representation p with correct
Frobenius traces at T\ — if one does not exist, then we throw out the tuple
d. Then, having computed what a, must be modulo A", we observe that we
also have the inequalities |a,|, < 2/Nmp for all v|oo. For N large enough
there is at most one element of o satisfying these constraints. If there is none
then we again throw out @ — otherwise, the unique element is our a,. In this

way we compute a tuple of Frobenius traces at 7 for other primes g.

Then, for larger and larger q and /N, we use this tuple of traces at each Tj to
check if there is a mod-q"¥ representation of the desired type with said traces.
If there is none, we again throw out a. If there is, we check the Taylor-Wiles
condition for the mod-q representation — if it is satisfied we return to the

previous case. Otherwise we continue the checks for larger primes.

This step must eventually terminate because a tuple @ that survives these
checks forever (and which does not arise from a CM abelian variety, which is
easily checked) must fit into a compatible family to which Larsen’s theorem

applies.
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Thus we compute such a finite set of extensions F, and then take the maximum
of the height bounds given by the Masser-Wiistholz argument applied to the Ja-
cobians of the corresponding Shimura curves. This bounds the Faltings heights
of the points in #,(0xk,s), and enumeration of bounded height points in the Baily-
Borel/Satake compactification (or else decomposition of the Jacobians of the pro-
duced Shimura curves) finishes the algorithm.

Now we comment on the simplification. In fact one can do much better than
use the theorem of Larsen (i.e. ultimately Lemma 7.1.3 in the ten-author paper
[3]) — specifically, one knows something far stronger than the fact that the mod-q
Galois representation associated to a relevant (non-CM) abelian variety has large
image at a density 1 set of primes q C oy: one knows that this is the case for all but
finitely many q, by a theorem{"”| of Dimitrov. It is not difficult to make said theorem
quantitative (see Lemma — we simply change one step in his endgame), after
which point we may simply run the argument outlined above, except with Nm A
(explicitly) sufficiently large in terms of o0, K, and S, and without a search through
primes g, since we may insist that the Taylor-Wiles condition holds (and indeed

that the residual image contains SLy(FF,)) at our originally chosen prime \|().

9.2 The algorithm and its subroutines.

Let us now precisely specify the algorithm alluded to above. In fact a slight mod-
ification of the algorithm we give solves the slight generalization of the problem
where we allow endomorphisms by an order in a CM field (rather than just a to-
tally real field), but for simplicity we will just discuss the case of totally real endo-

morphism field.

19This in fact easily generalizes to compatible families of two-dimensional Galois representations
with given Hodge-Tate weights and explicitly bounded Frobenius traces — see Lemma[9.3.3|
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9.2.1 IntegralPointsOnHilbertModularVarieties(o, K, S):

Input: 0, K, S, with 0 an orde in a totally real number field Fraco =: F/Q, K/Q
a totally real number field with [K : Q] odd, and S a finite set of places of K.
Output: H,(0xk,s)-

Algorithm:

1. Let ' := Fraco. Let g := [ : Q]. Let mg := Hpesplom"'[K:Ql_

2. F := output of RelevantExtensions(F, KX, Nm my).

3. Let, for L € F,vg|oobe aninfinite place of L. Letmy := [,y .p xm s)21 plot Ll

a product over primes of L dividing Nm q for some q € S. Let L'/L bel? the
compositum of all Galois extensions of L of degree < 10199"" which are

unramified outside primes p C o, of L with p|Nmgand q € S.

4. Let, for L € F, C,, (my) be the Shimura curve corresponding to the quater-
nion algebra over L split at all finite places and at v, and ramified at all other

infinite places of L, along with full level-m, structure.

UIn fact it suffices to take o to be a maximal order, because all abelian varieties A/K with o-
multiplication over K are K-isogenous to the Serre tensor product A ®, o, and so determining
the abelian varieties with o p-multiplication suffices to determine those with o-multiplication by
Masser-Wiistholz. Nonetheless we will deal with all orders o without using this reduction.

12We remark that this L’/L enters only to indicate how to get around a stack-theoretic issue: if
one uses coarse moduli spaces instead, the field of moduli of an A € H, (0, s) (namely K) may a
priori not be the field of definition (which will be a subfield of “K(A[210])” C L’). Thus in Step
6 we use the Masser-Wiistholz bound over L/, since such an A/L’ will be an L’-isogeny factor of

Jac C,, (mp)” 7] /L'. Having said this, we will completely ignore the distinction between the field
of moduli and the field of definition (i.e. act like L’ = L) for the rest of the chapter, since after all
we are not using coarse moduli spaces.
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5. Let

H:= max MasserWiistholz(Jac C,,, (mz) ¥ L')4+Bost([F : Q]-dim Jac C,, (my))].
S

6. Output the points in #,(0x,s) of height < H.

9.2.1.1 Explanation in words.

The true work is passed to the RelevantExtensions routine — once one has pro-
duced a finite set of odd-degree totally real extensions over which any relevant
abelian variety A/K is modular, one knows that A is the n-th power (see Lemma
of a quotient of the Jacobian of a Shimura curve with level structure, via
Jacquet-Langlands transfer. (Evidently n < dim A.) The level is crudely bounded
using Brumer-Kramer [34] and the fact (see e.g. Carayol [35], specifically the equal-
ity of e-factors in his Section 0.5) that the conductors of the A-adic representations
associated to a Hilbert modular eigencuspform agree with the form’s level. Thus
the height bound H is computed as the maximal height of an isogeny factor of the
(dim A)-th power of such a Jacobian, which is bounded via Masser-Wiistholz and
Bost’s lower bound on the Faltings height.

It is worth noting that implicitly we are using the Baily-Borel (here Satake) com-

pactification of H,, and a comparison of heights between the Faltings height and

BHere MasserWiistholz(A4, K) € R* is an explicitly computed constant such that, for all B/K
abelian K-varieties that are K-isogenous to A/K,

h(B) < MasserWiistholz(A4, K).

A formula can basically be read off from Masser-Wiistholz [68], though we use Gaudron-Rémond
[50] instead — see Theorem [7.2.2] of Chapter[/] Rather than using said formula here, we preferred
to be clear about the provenance of the constants. Similarly, Bost(g) € R* is an explicitly computed
constant such that, for all abelian varieties A/ Q of dimension dim A < g, one has

h(A) > —Bost(g).

A formula can be read off from Pazuki [78] or Gaudron-Rémond [51], for example. See Theorem
of Chapter 7| for Gaudron-Rémond’s.
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the naive height on the ambient projective space, to enumerate points of bounded

height in H,(0x s).

9.2.2 RelevantExtensions(Z, K, s):

Input: E, K, s, with E/Q totally real, K/Q totally real of odd degree, and s € Z™.
Output: F, a finite set of odd-degree totally real extensions L/K such that, for all
primes \ of E with Nm \ prime to s and representations p : Gal(Q/K) — GLy(0g.)
arising from abelian varieties A/K with good reduction at primes not dividing s
and admitting an embedding £ — Endx(A) ®z Q, there is an L € F such that
Plcai@,r) 1s the A-adic representation of a parallel weight 2 cuspidal Hilbert modu-
lar eigencuspform over L (with coefficient ring a subring of o).

Algorithm:

1. Let A\g C og be a prime of £/ with Nm A\ prime to s. Let A C op be a prime
of £ with Nm A prime to s and satisfying Nm A > Cp g ; 5,, in the notation of

Lemma Let ¢ be the prime of Z with \|(¢). Let S := {p|(s-¢) : p C ok }.

2. Let ¥, be the set of finite-order characters
¥ Gal(Q/K) — o,
of K that are unramified outside S and primes above /.
3. Let

. (p,) | p: Gal(Q/K) — GLy(0x/A) odd and unramified outside S U {q|(¢)},
A=

¥ € 0, SLy(Fy) € p(Gal(Q@/K)),det p = - x; (mod A)

where x; is the (-adic cyclotomic character.
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4. Let, for each (p, %) € R),

F(p.p) = output of TaylorMoretBaillyExtensions(p, ¢, K, E, \).
Let

~H ~ ~ ~
Flpw) = {L(pf%” : Lipw) € Fiow)s Hpwy C Gal(L, )/ K) a 2-Sylow subgroup} .

5. Let .F = {K} U U(p,@[))ER)\ f(pﬂr[})'

6. Output F.

9.2.2.1 Explanation in words.

We repeat that this algorithm is considerably streamlined thanks to Lemma [9.3.3]
— had we used a weaker result guaranteeing the same conclusion at a density 1
set of primes (e.g. Lemma 7.1.3 of the ten-author paper [3]), we would have had to
set up a somewhat delicate search through larger and larger primes \. See Section
for a more precise discussion.

Our goal is to find a finite set of extensions F such that, for all abelian vari-
eties A/K with good reduction at primes not dividing s and admitting an em-
bedding E < End%(A), there is an L € F and a parallel weight 2 Hilbert mod-
ular eigencuspform f over L with coefficient ring a subring of oz and for which
(Pax Popy EX)|cai@yr) = Prx Ropy En

So let A/K be such an abelian variety. By always having K € F, we are done if
A admits sufficiently many complex multiplications over a quadratic extension of
K. So without loss of generality A/K is not potentially CM.

Now A admits a compatible family of representations pa, : Gal(Q/K) —

GL2(0g,)). These representations have the following properties. Let A C oy be
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a prime of £ with Nm \ prime to s. Let ¢ € Z* be the prime of Z such that \|(¢).
Then pa ®,,, , Q; is irreducible, odd, unramified at primes not dividing s - £, has
determinant of the form det p4 , = (finite order) - x,, and is not the induction of a
character from a quadratic extension of K. Moreover it has Hodge-Tate weights
{0, —1} under all embeddings K — Q,, and is pure of weight 1.

So we see that, taking the p of Lemma to be our ), and the \ of Lemma
to be our )\, it follows that SLy(F,) C p4,(Gal(Q/K)). In other words, the
Taylor-Wiles hypothesis is satisfied for p4 . This is the key point.

Thus writing 14, : Gal(Q/K) — 0y for the finite-order character for which
Yax = (det pay) - x; ", it follows that ¥4, € ¥, and indeed (54, %a5) € Ry

Then we simply pass to the TaylorMoretBaillyExtensions algorithm, which pro-
duces a Galois extension L/K linearly disjoint from the fixed field of kerp, , (thus
the Taylor-Wiles condition still holds, so that one can use available modularity
lifting theorems) for which (pa ®o, , @Z)]Gal(@ /1) arises from a parallel weight 2
Hilbert modular eigencuspform over L.

We then use solvable descent for GL; to produce a Hilbert modular eigencusp-
form over L¥, with H C Gal(L/K) a 2-Sylow subgroup. Note that [L? : K] is odd,

of course. This completes the discussion.

9.2.3 TaylorMoretBaillyExtensions(p, ¢, K, E, q):

We closely follow Snowden’s [95].

Input: p, v, K, E, q, with q|(p).

Output: F, a finite set of totally real Galois extensions L/K for which, for all odd,
weight tw finitely ramified p : Gal(Q/K) — GLa(0og4) such that p mod q & p

and det p = ¢ - x, with x, the p-adic cyclotomic character, one has that there is an

4Here we follow Snowden’s terminology in [95].
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L € F for which p|g, g, ) is the g-adic representation of a parallel weight 2 Hilbert
modular eigencuspform.
Algorithm: We follow the proof of Theorem 5.1.2 in Snowden’s [95] — in particular

we use his notation and terminology.

1. Let £ # p with ¢ > 5 and construc{®| M;/K and p; : Gal(Q/K) — GLy(Q,)
as in Proposition 5.4.1 of Snowden’s [95]. Let ¢, := det p, - ;' be the corre-

sponding finite-order character, where y, is the /-adic cyclotomic character.
2. Let M/K be the Galois closure of M,/ K.

3. Let F//Q be CM and p|(p), A|(¢) be primes of F' such that imp C GLy(0p/p)
and im py € GLy(0p/N).

4. Construc as in the proof of Corollary 4.2.2 of Snowden’s [95], K;/K, a

totally real finite extension disjoint from M, and ¢ and ¢, finite-order char-

acters of Gal(Q/K,) for which ¢? = Ul Gai@/xy) and 7 = Vil a5

5. Let g, := " Plaa@/xy: Pr = Pyt Pelcai@ iy Let 1 be the typfunction

of pPe-

6. Write ¥, := {m C ox : m|(p)}. For each definitd| type function ¢ on %,,
define the Skolem datum (X;, ¥, (Ly)yes, (€2)vex) exactly as in the proof of
Proposition 5.3.1 in Snowden’s [95]. Find@ a Galois extension K,;/K; that
is linearly disjoint from M and a point z € X;(K5;). Let K;/K be the Galois

closure of K5/ K over K.

15Snowden’s proof of Proposition 5.4.1 in [95] gives an explicit construction through class field
theory.

16 Again, Snowden’s proof already gives an explicit construction.

17See Section 2 of Snowden’s [95] for precise definitions.

18 Again, see Section 2 of Snowden’s [95] for a precise definition.

YThis can be done by simply searching points of larger and larger height (note that X is a (twist
of a) Hilbert modular variety, and is thus projective via e.g. the Baily-Borel/Satake compactifica-
tion), or else, if one prefers, by making explicit the proof of Moret-Bailly’s theorem, e.g. by following
Rumely and ultimately reducing to a Fekete-Szeg6-like statement.
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7. Let
F :={K,/K : t a definite type function on X,}.

8. Output F.

9.2.3.1 Explanation in words.

This algorithm amounts to copying Snowden’s proofs of Theorems 5.1.1 and 5.1.2
in [95] over into algorithmic form. The point is simply that the extensions implicit
in the theorems are computable in finite time — the only difficulty lies in finding a
suitable point on the constructed variety X;, and the theorem of Moret-Bailly that is
invoked can be rephrased as saying that a simple search for points will eventually
terminate (because there is one).

In fact it is worth commenting here that Moret-Bailly’s proof of Rumely’s theo-
rem (see Section 4 of [71]) is constructive, though compactness arguments are used
in later treatments. Moreover, in Rumely’s original formulation and proof using
Cantor capacities [[85,86], the proof is constructive if complicated, since e.g. the
proof of Fekete-Szeg6 is algorithmic: one first approximates a probability distribu-
tion sufficiently well by a sum of delta masses, and then Fekete-Szeg6 give a very
explicit procedure to complete the proof. Thus a blind search is not the only way

to proceed.

9.3 Preliminary lemmas.

Before the proof of correctness and termination of the algorithm specified in Sec-
tion let us collect some preliminary lemmas.
So as not to repeat ourselves, we first note that we will again make use of the

standard results stated in Section [7.2] of Chapter 7]
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9.3.1 Decomposition of GLy-type abelian varieties over the reals.

The following lemma arises because the abelian varieties A/K we search for may
not necessarily be K-simple, and modularity only implies that a K-simple such
abelian variety is a quotient of the Jacobian of a suitable Shimura curve. The lemma
shows that this is not an issue because we produce a d-th root as such a quotient
for some d < dim A, so we can (and do) just replace the Jacobian with its (dim A)-th

power in the Masser-Wiistholz argument.

Lemma 9.3.1. Let K/Q be a number field with a real place K — R. Let E/Q be a totally
real field. Let A/K be an abelian variety of dimension dim A = [E : Q| admitting a map
E < End%(A) := Endg(A) ®z Q. Then: there is a subfield F C E and a K-simple
abelian variety B/K of dimension dim B = [F : Q] admitting a map F — End%(B)

such that A ~ B*ans. In fact one also has that ' ~ End% (B).

We note that, if we instead took E/Q to be imaginary CM in the above state-
ment, then the same conclusion would hold, except we would also have to allowf"
the possibility that End)(B) is a quaternion algebra over its centre ' C £, a CM
field of degree [F' : Q] = 425, In this case B/K is again GL,-type over K, by
Lemma 1.3.7.1 (attributed to Tate) of Chai-Conrad-Oort [37], but a priori not by a
subfield of £, but rather possibly by a quadratic extension of a subfield of E. This
is in fact not an issue, but in order not to complicate the algorithm further we have
restricted ourselves to the case of totally real endomorphism fields.

The proof is also routine (see e.g. Ribet [83] — unfortunately he uses that his
abelian varieties are defined over QQ), but let us isolate one part of the argument
where we use that K/Q has a real place for clarity. (We also use that K has a real
place in citing Shimura’s [94] to exclude real points on his canonical models of his

varieties, but the following is used repeatedly.)

20We are in fact not sure whether this case can arise — nonetheless it causes no difficulty in the
algorithm if it does.
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Lemma 9.3.2. Let K/Q be a number field with a real place K — R. Let L/Q be a CM
field. Let ® C Homguq. (L, C) bea CM type of L. Let A/ K be an abelian variety admitting
amap L — End}(A). Write

Lie(A/C) = @a“" o

oced

as complex representations of L — thus a,,b, € N. Then: a, = b, forall o € .

Proof of Lemma L preserves Lie(A/K') by hypothesis, so that the traces of L ~
Lie(A/C) all lie in K. For each ¢ € ®, use Minkowski to produce an = € o, with
o(z) large and almost purely imaginary, and 7(z) tiny for every other o # 7 € ®.

Since Y. 4 a, - 7(¥) + b, - 7(z) € K — R, it follows that a, = b,. O

These a,, b, are r,, s, in Shimura’s notation (see e.g. Section 4 of Shimura’s [93]).

Now we turn to proving Lemma

Proof of Lemma([9.3.1, Write A ~g [[", B/ with B;/K K-simple and pairwise
non-K-isogenous. If m > 1 then, because £ < EndY (B)™) for all i (since it is
a field and the identity map is in the image), choosing ¢ for which n; dim B; is
minimal shows that some B;" /K admits sufficiently many complex multiplica-
tions over K (see e.g. Chapter 1 of Chai-Conrad-Oort [37], specifically its Theorems
1.3.1.1 and 1.3.4). But this is impossible by Lemma [9.3.2| (in this case a, + b, = 1
for all o € ®). Hence m = 1 and thus A/ K is a power, i.e. A ~x B*™.

Let D := End) (B). We claim that D is a subfield of E of degree dim B. Let C be
the commutant of £ in End, (A). Again by the same CM argument as above we see
that C'is a division algebra (all its nonzero elements are isogenies, else either their
kernels or images would be abelian varieties for which the above CM argument
would apply) with centre E (any larger and the above CM argument would apply

to A). Let d be its index over E.
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Let F be the centre of D. By the Albert classification [1,2] it follows that F' is
imaginary CM or totally real. Let /'* C F' denote the maximal totally real subfield
of F. Let d be the index of D over F and d* := d - [F : F'*]. Again by the Albert
classification [1}2], it follows that if ' = F'* then d < 2. Note also that, by Lemma
1.3.7.1 (attributed to Tate) in Chai-Conrad-Oort [37] and the above CM argument,
it follows that d - [F' : Q] < 2dim B, since the former is the degree of a maximal
commutative subfield of D.

Tensoring (over Q) the inclusion C' C M, (D) up to C one finds the inequality

d-[E:Q <nd" [F*:Q=nd-[F:Q.

Because [E : Q] = ndim B, we deduce that

d-dimB < d-[F:Q] < 2dim B.

Thus d = 1,i.e. C = E. But F is the centre of D, so that ¥ C C' = E. Thus
by hypothesis it follows that /' = F'* is totally real, and so d < 2 by the Albert
classification [1}2]. Also, again by the Albert classification [1,2], d - [F' : Q] | dim B.
Because we already have the inequality dim B < d - [F': Q)] it follows that [F': Q] =

dim B
—ad

We thus need only rule out the cases where d = 2, since d = 1 would imply
that D = F' as desired. To do this note that if d = 2 that dimg D = 2dim B, so that
(again by Albert) B/K has maximal totally indefinite quaternionic multiplication,
or maximal totally definite quaternionic multiplication. The former is not possible
by a theorem of Shimura (here we again use that K has a real place), see Theorem
0 (with n = 1 in his notation) of [94].

As for the latter, if B/K has totally definite quaternionic multiplication by D
over K, then certainly so does B/C, and then we apply Shimura’s argument in
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Section 4.3 of [93] (i.e. his proof that his Proposition 14 implies his Proposition 15
in [93]) to produce an imaginary quadratic extension L/F with L — D and L ~
Lie(B/C) of generalized CM-type — i.e., there is a CM type ® C Homg.ag (L, C)
for which the L-representation Lie(B/C) decomposes into @4 0. In Shimura’s
notation in [93], this is to say that all the r, = 2 and the s, = 0 (a priorir, =5, =1
was also possible for some v).

Then since L — D and D = End)%(B), it follows that L acts by K-
endomorphisms of B/K, so that Lemma applies and we deduce the desired

contradiction. O]

9.3.2 The residual images of relevant compatible families of two-

dimensional Galois representations.

The following is an explicit form of a theorem of Dimitrov. We note that it is also
an improvement on Lemma 7.1.3 of the ten-author paper [3]], which concludes the

same for a Dirichlet density 1 subset of the primes.

Lemma 9.3.3 (Cf. Propositions 3.1 and 3.8 of Dimitrov’s [44], and Lemma 7.1.3 of
the ten-author paper [3].). Let E/Q be a number field. Let K/Q be a number field that
is neither Q nor imaginary quadratic. Let N € Z*. Let ¢ be a prime of Z prime to N. Let
A C og with \|(¢) be a prime of E.

Then: there is an explicit (thus effectively computable) constant Cg g nx € Z7, de-
pending explicitly and only on E, K, N, and ), such that the following holds. Let p >
Cr,x,n beaprime of Z. Let p C og be a prime of E with p|(p). Let px, py be representa-

tions

pr: Gal(Q/K) — GLy(0p.)

pp - Gal(Q/K) — GLy(og,)
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satisfying the following:

e we have

tr(pa(Froby)) = tr(p,(Froby)) € og

and

|tr(p (Frobg))]» < 10%° - (Nmm)'*"

for all v|oco and primes m C oy of K with Nmm prime to N and )\, and with

Nmm < Cg g v

® P\ Qo Q is irreducible, unramified at primes not dividing N - {, and not of the

form Indgai g;f) (x) with L/ K quadratic and x : Gal(Q/L) — Q, a character,

® pp Qop, Ly has conductor dividing N - p> and p, is crystalline with Fontaine-

Laffaille/Hodge-Tate weights {0, —1} under all embeddings K — Q,,.

Then: writing the mod-p residual representation as p, := p, Qo , 0Ep/P,
SLa(F,)  7,(Gal(@/K)).

Thus in particular the Taylor-Wiles hypothesis at p, namely that

(ﬁp Rop/p Fp>|Gal(@/K(Cp)) : Gal(@/K(Cp)) - GL2(Fp)

is irreducible, holds.

The last line follows because SL,(F,) is perfect, so that the composition

SL(F,) = 7,(Gal(Q/K)) — 7,(Gal(Q/ K))/7,(Gal(Q/ K (¢,))

is trivial (since the latter is surjected upon by Gal(K((,)/K) — F)), and SLy(F,) —

GLy(F,) is evidently irreducible (consider the torus and then the unipotents).
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We note that we have taken K to not be Q or an imaginary quadratic field so
that oj; is of infinite order — of course we may always arrange that this is the case
by first passing to a totally real cubic extension of any number field input into an

algorithm in this chapter. We will leave this implicit when using this lemma.

Proof. The proof of the lemma is the same as Dimitrov’s arguments for Hilbert
modular forms, except that we change the end of his proof of Proposition 3.1 in his
[44] in order to obtain an explicit bound (which is necessary in Chapter[I10). Let us
indicatd”| precisely how.

Dimitrov’s argument to prove his Proposition 3.1 of his [44] goes as follows.
If p, is reducible, then (because we may read its Fontaine-Laffaille/Hodge-Tate
weights off from those of p,, since the category of crystalline representations is
closed under passing to subquotients and the Fontaine-Laffaille functor is exact) it
follows that either p divides a nonzero constant only depending on £ and N (that

Dimitrov specifies), or else tr o p, is the sum of the reductions of algebraic Hecke

ZIFor completeness, we give a slight modification of Dimitrov’s proof of absolute irreducibility
here. First, 0 — 7 - p, — py — p, — 0, where 7 is a uniformizer of p. Because subquotients of
crystalline representations are crystalline, it follows that p, is crystalline. Because the Fontaine-
Laffaille functor is exact, we find that p, has Fontaine-Laffaille weights {0, —1} at all places above
p.

Suppose now that p, ®,,/p F, is absolutely reducible, into e.g. tr o Py = a+ B with o, :
Gal(Q/K) — Ef . By crystallineness and the fact that subquotients of crystalline representations are
again crystalline, it follows that o and 5 are crystalline, so that e.g. o has Fontaine-Laffaille weight
either 0 or —1 under each embedding K — @p. Let S,, be the finite set of embeddings K — @p at
which « has Fontaine-Laffaille weight —1, and similarly for Sg, so that S, U Sj is the finite set of
embeddings K < Q,, and S, N Sz = 0.

The conductors of o and $ also divide N - p>°. Regarding them as characters of the idele class
group I /K*, and thus the (narrow) ray class group Cly.,~(K), we see that they must e.g. be
trivial on global units € € 0 withe =1 (mod N). Thus e.g.

l=a(e) = H i(e)~! (mod p’)

1€Sy

for p’|p a prime of an explicit extension E'/E with [E’ : E| < 2. Evidently (by explicitly constructing
a suitable € via Minkowski) this cannot occur for all € unless p is explicitly bounded, or else one of
S, or Sg is empty. Without loss of generality S,, = ), which is to say that ¢ := avand ¢' := 3 - x;, ',
which via the canonical lifting character we regard as maps ¢’ : Gal(Q/K) — o, ,, with E'/E
explicit with [E’ : E] < 2 and p’|p, have Fontaine-Laffaille weight 0 under all embeddings K < Q,.
Recalling that [ ], 05 — Cly.pe (K) = Cly(K) — 0, it follows that ¢ and v’ factor through the
ray class group Cly(K), so that they are indeed finite order. The rest of the argument is below.
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characters of the form 1, v’ - x,, where ¥, v’ : Gal(Q/K) — 05 have conductor
dividing N and are of finite order (thus we may have written their codomain as
(0p//p’)*, where E'/E is an explicit extension of degree [E’ : E] < 2 and p'|[p is a
prime of E’), and Y, is the p-adic cyclotomic character. Note that all these charac-

ters fit into compatible families. Thus we find that
tr(pa(Froby)) = tr(py(Froby)) = ¢(Froby) + ¢ (Froby) - Nmm  (mod p’)

for all primes m C ox with Nmm prime to N and such that Nmm < Cg g 2.
We take Cp i, sufficiently large so that the tuple of traces at this set of primes
determines the irreducible Galois representation py ®,,, E) up to isomorphism
(see Lemma of Chapter [7] especially the comments on explicitly bounding
the set using an explicit form of the Chebotarev density theorem).

But note also that both sides of the congruence are elements of o that are <
10 . (Nm m)lom at all infinite places. Thus once Nmp is (explicitly) sufficiently
large the congruence must be an equality. Therefore, because the traces of the two
A-adic representations py ®,,, Ex and ¢ @ ¢ - x, match at these m, it follows that

Px Doy Q, = @Y -y, is reducible. Contradiction. n

The difference between this argument and Dimitrov’s is that he appeals to
Chebotarev’s density theorem to similarly conclude that the above congruence
(thus equality once p is sufficiently large in terms of m) cannot hold for all but
tinitely many m, whereas we use Faltings” Lemma to restrict to an explicit finite set
of m. This difference is of course minor, but it is crucial for us to have an explicit

bound rather than an "almost all" result.
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9.3.3 Relevant Galois representations that are induced arise from

CM abelian varieties.

Finally, we note that the situation that is relevant to us but left out by the hypothe-
ses of Lemma namely when one of the Galois representations is induced, is
quite simple: the two-dimensional A-adic Galois representation corresponds to the
A-adic Galois representation associated to the Weil restriction from an imaginary
quadratic extension L/K of (the isogeny class of) a CM abelian variety A/L. More-
over, because the conductor of the two-dimensional Galois representation (and
thus of Res%(A)/K) is bounded in terms of S it follows that L and thus A are re-
stricted to explicit finite sets. The point is simply that the two-dimensional A-adic
Galois representation must be induced from an algebraic Hecke character. Indeed,
since these are classified, we quickly see that the corresponding quadratic exten-
sion L/ K is imaginary CM. Because the Galois representations relevant to us have
integral traces and determinant with all Hodge-Tate weights —1, it follows that the
algebraic Hecke character will correspond to a CM abelian variety (whose isogeny

class is) defined over L, as desired.

Lemma 9.3.4. Let E/Q be a number field. Let K/Q be a number field. Let S be a finite
set of places of K. Let ¢ be a prime of Z prime to S. Let A\ C o with \|({) be a prime of E.
Let py : Gal(Q/K) — GLy(0p.,) be a representation that:

o is unramified outside S and primes over (,
e has det py - x, ' of finite order, where x, is the (-adic cyclotomic character,
o has tr(px(Froby)) € og for all primes p C oy with Nmp prime to S and ¢,

o is of the form p) ®,,, Q, = Indgzggg(@, where L/K is quadratic and X

Gal(Q/L) — Q, is a character.
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Then: there is an imaginary CM field L'/Q, a quadratic extension L/K that is un-
ramified outside S and primes over { with L' C L, and a CM type ® C Homg.u,. (L', C)
for which, writing x®) for the algebraic Hecke character corresponding to the reflex CM
type of (L', ®), X®) := x*) o Nmy,1,, and \* for the corresponding compatible family
of (-adic representations X" : Gal(Q/L) — Q,,

Gal(Q/K) ~(®) ~ e
IndGalE%jL))Xé = Px Qo Q.

In particular, if we also have that K/Q is totally real with [K : Q] odd, then, for vi|oo,
there is a K-isogeny factor A/ K of the Jacobian Jac C,,, (Hp g pOIE :Q]) of the Shimura
curve (with full level- (Hpe G plOIK :@]> structure) corresponding to the quaternion alge-
bra split at all infinite places of K other than vk and unramified at all finite places, for
which py R, , Qy is the 2-dimensional M-adic Gal(Q/ K )-representation corresponding to
A/K.

Proof. Let L := L.

It follows from the main result in Henniart’s [56 that Y = &, is the N-adic
realization of an algebraic Hecke character ¢ of L, where ¢ (Froby) € E™ for all q
with Nm q prime to S and ¢, E'/E is an extension with [E' : E] < 2,and X' C op is
a prime of £’ with \'|.

By the classification of algebraic Hecke characters (see e.g. Proposition 1.12 of
Fargues’ [48], Section 3.4 of Serre’s [91]], or Section 3 in Chapter 0 of Schappacher’s

[90]), it follows that, writing L’ C L for the maximal imaginary CM subfield of L,

22See also page I11-20 of Serre’s [91] — Henniart’s [56] removes the compositum-of-quadratic-
fields hypothesis by using a stronger input from transcendence theory due to Waldschmidt (see
page 119 of [105]). However, we must comment on the rationality hypothesis, even though it
seems it is usually skipped in the literature. Let p C ok be split in L/K, say into p =: ¢ - B, and
such that x(Frobg) # X(Frobg) (this must occur if ¥ does not extend to a character on Gal(Q/K),
and in the latter case the argument is easy). Write E’/E for a number field containing the roots of
the characteristic polynomial of p,(Froby ). Then, since the projectors onto the distinct eigenspaces
of px(Frob,) have coefficients in E’, it follows that x(Frob,) € E’* for all primes q C oy, of L that
are prime to S and £.
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or Q if there is no such,

X=1v- (f o NmL/L/)

for ¢ a finite-order character of L and ¢ an algebraic Hecke character of L'.
Write (see Section 3 in Chapter 0 of Schappacher’s [90]) (ny)sc €
ZHomeas (10 thus n, € Z for all ¢ : L' — C, for the infinity-type of ¢&. Let

w € Z be the weight of { —i.e. such that
Ng + Neog = W

forall 0 : L' — C and e complex conjugations on L’. Thus

£(B) = (NmR)*>

for all primes P of L' with Nm ‘P prime to S and /.

Since

~ Gal(Q/K) nd g .
p)\|Gal(@/L) = (IndG 1@?[/) 5)\’) |Ga1 (Q/L) €>\’ D (€>\/ © Con]'r)7

where 7 € Gal(Q/K) is a lift of the nontrivial element of Gal(L/K), it follows that

Nm P = [(det px)(B)| = [X(Nmz,(B))] - [x(Nmz,z(B)7)] = (Nm*B)*

for all primes P of L with Nm ‘P prime to S and ¢. Thus w = 1.

It follows that L' # Q. Indeed, because the algebraic Hecke characters of Q
are all of the form (finite order) - (z + |2,.|¥) for k € Z, and such characters have
infinity-type (k), all algebraic Hecke characters of Q have even weight.

So ¢ is an algebraic Hecke character of an imaginary CM field. Moreover, from

the above calculation ¢ has weight (as an algebraic Hecke character) 1.
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We next use the fact that the p,(Frob,), and thus the p/\(Froby) by Gauss’s
Lemma, have integral characteristic polynomials. By Corollary 3 on page II-36
of Serre’s [91], it follows that the algebraic Hecke character x has infinity-type
(No)o:7sc With all n, > 0. Since it has weight 1, so that n, + n.,, = 1 for all
complex conjugations ¢ on L/, it follows that n, € {0,1} forall o : L' — C.

Let ® := {0 : L' — C|n, = 1}. Then ® C Homg.,s (L', C) is a CM type of L/,
and indeed evidently £¢ = x(®) is the algebraic Hecke character corresponding to
the reflex CM type of (L', ).

Finally, because the induced representation is unramified outside S and primes
above /, it follows that L /K is unramified outside S and primes above ¢ (evident
by hand, or else see Section 7.1 of Hida’s [57] and recall the equality of conductor
and level arising from the equality of e-factors in Section 0.5 of Carayol’s [35]). The
tirst statement follows.

As for the second statement, write fp for the automorphic induction (see
Yoshida’s Princeton PhD thesis [109] or Arthur-Clozel [9]) to GLy/K of x(®). Note
that fs is a parallel weight 2 cuspidal Hilbert modular eigencuspform with level
dividin ms = [],es p'0"* (KU by Yoshida’s thesis [109] (see also Section 7.1 of
Hida’s [57]). The corresponding (i.e., to its Jacquet-Langlands transfer) K-quotient

of Jac C,, (mg) has the claimed properties. O

9.4 Proof of termination and correctness.

Let us now turn to the proof of termination and correctness of the algorithm spec-

ified in Section In this section we prove the following theorem.

23This is of course a vast overestimate.
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Theorem 9.4.1. Let K/Q be a totally real field of odd degree. Let S be a finite set of places
of K. Let F'/Q be a totally real field. Let o C oy be an order in F. Then: on input (o, K, S),
the algorithm specified in Section terminates with output H, (o s).

Evidently this implies Theorem 0.1.1]

Again, as noted in Section essentially the same algorithm allows one to
determine the abelian varieties A/K with good reduction outside S and admitting
amap L — End}(A) with [L : Q] = dim A when L/Q is CM. (The theorem asserts
the same for L/Q totally real.)

9.4.1 Proof of Theorem

We break the proof into two parts for clarity. First we prove that, if the algorithm
terminates, its output is correct. After that we will prove that the algorithm always

terminates.

9.4.1.1 Proof of correctness.

Proof of correctness assuming termination. We first deal with the proof of correctness.
Because of the last step of the algorithm in Section[9.2.1} it suffices to show that any
abelian variety A/K with o-multiplication over K and good reduction outside S
has height bounded by the H computed in Step 5 of the algorithm.

Write F' := Fraco. By Lemma such an A is of the form A ~x B*" with
B/K K-simple and n := jing < [F : Q], and such that £ ~ End%(B), where
E C Fissuch that [F : Q] = dim B.

The K-endomorphism algebra o’ := Endg(B) is thus an order in 0. Let, for
each prime A of o’ with \|(¢), say, py : Gal(Q/K) — GLy(0}) be the Galois represen-
tation corresponding to the M-adic Tate module 7)(B) := Jim B[\"]. By construc-

tion, p, is odd, weight two (in the terminology of Snowden [95])), pure of weight 1,
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unramified outside S and primes above ¢, and has (det p,) - ;' a finite-order char-
acter, where A|(¢) and ¥y is the /-adic cyclotomic character. By Brumer-Kramer [34]

it moreover has conductor dividing my := [[,.qp'*" U, Because E ~ End%(B),

pes
we also have that p) ®,,,, Q is irreducible.

We first claim that we are done so long as the set F produced in Step 2 is such
that there is an L € F for which B/L is modular — i.e. there is a parallel weight
2 cuspidal Hilbert modular eigencuspform f over L with L(s, f) = L(s, p») up to
finitely many Euler factors and for A with Nm A prime to S.

Indeed, in that case by the equality of e-factors in Section 0.5 of Carayol’s [35]
it follows that the conductors of the A-adic representations associated to f match
its level. Because, by Brumer-Kramer [34], the conductor of A/L certainly divides
M = [Toco,:s) ez P Y (defined as in Step 3 of the algorithm in Section
9.2.7), it follows that the level of f divides m;.

By the Jacquet-Langlands correspondence [59] (see also Theorem 3.9 of [43]), it
follows that f transfers to a quaternionic modular form of parallel weight 2 and
level dividing m; on B} /L, the units of the quaternion algebra over L split at
all finite places and at v;, and ramified at all other infinite places. Thus by e.g.
Theorem 4.4 of Hida’s [57] it follows that there is an L-isogeny factor By/L of
Jac C,, (m) with a,(Bf) = a,(f) = a,(B) = tr(pr(Froby)) forallp ¢ S and p ¢t
Nm A. We deduce that B;/L is L-isogenous to B/L, so that B/L is an L-isogeny
factor of Jac C,, (m). Thus by Poincaré complete reducibility it follows that there
isa B'/L for which JacC,, (m;) ~; B x B'. Consequently JacC,, (m)*" ~; A x
(B')*™. Hence by Masser-Wiistholz (see Theorem and Bost (see Theorem

7.2.3)):

h(A) — Bost(n - dim Jac C,, (my,)) < h(A) — Bost(n - dim B’)

< h(A) + h(B"")
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— h(A x (B)")

< MasserWiistholz(Jac C,, (m)*", L).

Thus h(A) < H, as desired.

Thus it suffices to show that there is an L € F for which B/L is modular.

Let us first deal with a special case. If p, is the induction of a character from a
quadratic extension, then by Lemma it follows that B/ K is already modular,
and indeed the conclusion of Lemma([9.3.4/gives us the input required for the above
argument over K (recall that K € F). So we are done if p) is induced. Thus from
now on we assume that p, is not induced.

Now we follow the RelevantExtensions routine.

Let ¢, := (det py) - Xgl. Then certainly ¢, € ¥,. Moreover we have already
listed properties of p) which imply that (p) mod A, ¢5) € Ry. So we are reduced to
showing the correctness of the output of the TaylorMoretBaillyExtensions subrou-
tine.

But Snowden’s prooﬁ of Theorem 5.1.2 in [95] amounts exactly to a proof of
correctness of the TaylorMoretBaillyExtensions subroutine! Moreover, the output
is exactly a field, say L, over which, by Snowden’s Theorem 5.1.2 in [95], B/L is
modular. Moreover L/K is Galois.

Now we follow Snowden’s proof of Proposition 9.4.1in [95]. Let H C Gal(L/K)
be a 2-Sylow subgroup. Note that H ~ Gal(L/L") is solvable. By solvable descent
for GL, (see e.g. Lapid-Rogawski [65], Langlands [64], or Arthur-Clozel/Clozel-

Rajan (who fix the well-known gap) [9,39]), it follows that B/L" is also modular.

2There is one caveat: Snowden never actually explicitly checks that Galois representations as-
sociated to GL-type abelian varieties have definite type functions — but he does prove it! See his
Proposition 2.6.1 in [95], and replace "potentially modular" by "pure of weight 1". The proof of the
proposition just uses purity (which he deduces in the potentially modular case from the Ramanu-
jan bound for Hilbert modular forms) to rule out having an extension of the cyclotomic character
by the trivial character over a finite extension.
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Moreover, L € F by construction. Thus we have shown that B/K is modular

over a field in F in all cases. By the above discussion this completes the proof. [

9.4.1.2 Proof of termination.

Proof of termination. For only a few steps in the algorithms is termination not self-
evident, but we will comment on each step nonetheless.

We begin with the IntegralPointsOnHilbertModularVarieties algorithm. Sup-
pose for the moment that the RelevantExtensions algorithm always terminates in
finite time. Then it is evident that Steps 1, 3,4, 5, 6 terminate in finite time, and we
have supposed that Step 2 terminates in finite time. So it suffices to show that the
RelevantExtensions algorithm always terminates in finite time.

So we move next to the RelevantExtensions algorithm.

Evidently Step 1 terminates. The characters in Step 2 are simply those factor-
ing through the canonical lifting character (og/\)* — of , (lifting the canonical
surjection), since these are the finite-order elements of oy , (use the logarithm).
Consequently Step 2 is computed in the usual way, which we have been leaving
implicit throughout: by finding number fields of bounded degree and bounded
ramification using Minkowski. In any case, it evidently terminates.

Similarly in Step 3 we produce a set of Galois representations of bounded image
and ramification, again by Minkowski. So evidently Step 3 terminates.

Suppose for a moment that the TaylorMoretBaillyExtensions algorithm always
terminates. Then evidently Step 4 always terminates. Moreover Steps 5 and 6 of
course terminate, giving the termination of the RelevantExtensions algorithm.

So it remains to show that the TaylorMoretBaillyExtensions algorithm always
terminates.

Step 1 terminates (Snowden even gives an explicit construction). Steps 2 and

3 of course terminate. Step 4 again terminates because Snowden gives an explicit
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construction. Step 5 evidently terminates. Suppose for the moment that Step 6
terminates. Then Steps 7 and 8 evidently terminate, so that we are done. Thus we
have reduced the whole proof to checking that Step 6 terminates.

But the termination of Step 6 is Moret-Bailly’s theorem (see Theorem 1.3 in part
IT of [72]]). Specifically, we are asking that a search for an element of a nonempty re-
cursively enumerable set (the set is nonempty precisely by Moret-Bailly’s theorem,
and it is recursively enumerable because we are dealing with algebraic numbers)

will terminate in finite time, which is evident”| This concludes the proof. O

9.5 Modifications for [K : Q] even.

For K/Q totally real of even degree, not all parallel weight 2 Hilbert modular
eigencuspforms admit such an easy construction of their associated abelian vari-
eties — specifically, since K now has an even number of infinite places, we can no
longer simply transfer to a quaternion algebra split at all but one infinite placef)
since one needs local conditions at some finite prime to hold for f. And indeed
it is not yet known for these remaining f that there is an abelian variety A/K
of GLy(op)-type (with F//Q the coefficient field of f) over K with pa, = py\ for
A C op a prime of F' with sufficiently large norm.

However the entire rest of the analysis of the previous sections goes through

for such K/Q. Thus we see that we may run identical algorithms, except that in

B0f course one can be more explicit here, and we have already commented that Rumely’s proof
of Fekete-Szeg6, or Moret-Bailly’s original proof of Rumely’s theorem, are indeed far more explicit,
but for our sake this argument suffices. See also the comments on Step 6 of the TaylorMoretBail-
lyExtensions algorithm.

%The number of split places at infinity is the dimension of the corresponding quaternionic
Shimura variety, and so to get to a Shimura curve there must be exactly one — in general if one
transfers to a quaternion algebra one finds ¢-adic representations formed by a tensor induction cor-
responding to the various split places at infinity (e.g. if one takes the cohomology of the Hilbert
modular variety itself one finds the full 2[4:%-dimensional tensor induction in its degree-[K : Q]
cohomology). Of course the total number of split places of the quaternion algebra must be even,
which is why evenness of [K : Q] is an issue.
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Step 5 of the algorithm in Section9.2.Tjwe must produce a height bound £, s on the
abelian variety A, associated to a parallel weight 2 Hilbert modular eigencuspform
over L of level dividing m; — that is to say, we must prove that either there is no
Ay/L associated to f, or else h(Ay) < hj g with h, s explicitly computable in terms
of L and S.

Now, assuming the absolute Hodge conjecture, Blasius in [25] has proven that
such f have associated abelian varieties A;/L. Thus our first remark is that the al-
gorithm of Section is easily modified to produce an algorithm that one can
prove terminates with correct output (namely #,(0x,s)) assuming the absolute
Hodge conjecture. In other words it is easy to modify the algorithm in Section
9.2.1]to treat the case of [K : Q] even, but, in doing so naively, one gives up its most
interesting aspect, namely that one can prove it terminates with correct output un-
conditionally when [K : Q] is odd.

The purpose of this section is to sketch the proof of a slightly more interesting
result, namely Theorem Specifically, we will explain how to modify the al-
gorithm of Section so that one can prove unconditionally that the algorithm
always terminates, and either outputs H,(ox s) or else an unconditional disproof of the
absolute Hodge conjecture.

The crux of the argument will be an upper bound for the height of an A;/L as-
sociated to an f on GL./L, if it exists. By following Blasius’s construction (though

redoing things integrally), we will prove the following;:

Theorem 9.5.1. There is an explicitly computable function (L,n) — hy, with the fol-
lowing property. For all totally real number fields L/Q and all parallel weight 2 Hilbert
modular eigencuspforms f over L (with coefficient field F'/Q, say) of level dividing n, the
absolute Hodge conjecture implies that there is an As/L of GLy(0r)-type over L with

h(Ay) < hpnand pa, x = py for all primes X C op of F with sufficiently large norm.
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In each particular case (and, at the end of the algorithm in Section we
are reduced to checking this for the explicit finite set of parallel weight 2 Hilbert
modular eigencuspforms of level dividing m,), the existence of such an A;/L is
verified or falsified by an explicit finite search. If, in the course of the algorithm,
we fail to find such an abelian variety, then we have an (unconditional) disproof of
the absolute Hodge conjecture, by virtue of Theorem So we simply output
this f and a certificate that none of the finitely many [F : Q]-dimensional abelian
varieties A/L with h(A) < hy ., are associated to f, and this serves as a certificate
for the falsehood of the absolute Hodge conjecture.

Otherwise this finite search always finds an A;/L, and then one concludes in
the same way as in Steps 5 and 6 — specifically, one uses Masser-Wiistholz and
h(Af) < hpn, forall relevant f to produce a height bound on all points of H,(0x s),
and then enumeration of bounded height points concludes the algorithm.

So we see that, to prove Theorem it suffices to prove Theorem Let
us describe how.

The key point will be that Lemma(9.3.3]is explicit, and we will use this in the fol-
lowing way: two Galois representations valued in GL; (0, ) with irreducible resid-
ual representations (valued in GLy(0r/))) which are isomorphic after tensoring up
to F) are already isomorphic. Indeed, irreducibility of the residual representation
forces there to be a unique Galois-stable lattice up to scaling.

The key difficulty (which is somewhat unrelated) is the fact that the absolute
Hodge conjecture is completely nonquantitative — it asserts that Gal(C/Q) acts
through a finite quotient on a Hodge class, but of course it asserts nothing about
the order of this quotient.

Let us now sketch a proof of Theorem We give only a sketch to avoid

dealing with (explicitly) small primes.

Z70f course one expects that this outcome never occurs!
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Sketch of proof of Theorem Let f be a parallel weight 2 Hilbert modular eigen-
cuspform over L with level dividing n. We may assume that f is not CM (i.e. that
[ is not the automorphic induction of an algebraic Hecke character associated to
a CM abelian variety with isogeny class defined over an imaginary CM extension
of L), since otherwise it is simple to construct A;/L. Write F' for the number field
generated by the Hecke eigenvalues of f. Note that F//Q is CM. In our case of in-
terest F'/Q is totally real, so that in this sketch we will assume F/Q is totally real
as well.

Leto: L — R.

Blasius in fact constructs a motive associated not to f, but rather to (a trans-
fer to a unitary group over L compact at all places but ¢ of) its symmetric square
lifting Sym?f to GL3/L. Using the Kuga-Satake construction he produces a cor-
responding abelian variety over C, then over Q by the absolute Hodge conjecture
and a countability argument, and then over L by a restriction of scalars argument.
Crucially, the absolute Hodge conjecture also allows him to read off the A-adic rep-
resentations of the abelian variety, so that one can conclude by comparing to the
representations associated to f.

We would like to bound the height of this abelian variety, in which case we
cannot work up to isogeny (i.e. with motives with Q-coefficients) as in Blasius —
we must work with integral coefficients throughout. Recalling the comparison of
the Faltings and naive (i.e. that arising from the Baily-Borel /Satake compactifica-
tion) height, as well as the fact that all points in question are S-integral (with S
an explicit finite set of places of L), it will suffice to bound various expressions in
terms of the periods (at places at infinity and in S) of this A;/L. Because we are
only giving a sketch, for simplicity we will only discuss the places at infinity.

The aforementioned motive (over L with Q-coefficients) associated to Sym?f

lies in H? of a Picard modular surface, say X,,/L. Its corresponding projector 7 is
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an F-linear combination of (two-dimensional) Hecke correspondences in X, x X,.
Let k£ € Z* be such that 0 := k - 7 is an op-linear combination of such — note that k
can be explicitly computed in terms of discriminants of characteristic polynomials
of Hecke operators. We find that # = k - . We will use 6 to work integrally.

Via 6 we construct a rank-3 Hodge structure A, namel the lattice A, := 0, -
H?(X,(C)
C

,Z)(1) (note the twist), the polarization arising from the cup product on
H*(X,(C), Z)(1

)(1), and the Hodge decomposition arising from H?(X,(C),C)(1) ~
H20(X,(€))(1) & HY (X,(C))(1) & HO2(X,(C))(1).

We then consider the even Clifford algebra of A, (note that we are working
in the category of op-modules), C’*(/NXJ). Blasius proves in the course of his argu-
ment that C*(A, ®; Q) is the split quaternion algebra over F' — specifically, he
proves that C*(A, ®; Q) = Endg(V,), with V a rank-2 F-Hodge structure of type
{(1,0), (0,1)}. Now, by the classification (just act on a nonzero vector) of maximal
orders in split quaternion algebras, it follows that the order C*(A,) lies inside a
maximal order of the form End,, (A,), with A, C V, a rank-2 op-Hodge structure
of type {(1,0), (0,1)} —i.e. A, C V, is an op-lattice. Note that one can (by comput-

ing a discriminant) explicitly bound the index of C*(A,) in End,, (A,).

By Riemann there is an abelian variety A,/C with

12

H'(A;(C),Z) = A,

as Hodge structures. Following Blasius, by the absolute Hodge conjecture (and a
countability argument) it follows that without loss of generality A, is defined over

Q. Let L'/ E be a sufficiently large number field so that A, is defined over L'.

ZWe omit all analytifications — thus X,,(C) should read (X, )" (C), etc. Note that we use the
embedding ¢ : L — R — C to base change X, up to C — using another embedding would (by a
very special case of a theorem of Borovoi and Milne [30,/69] on conjugation of Shimura varieties)
amount to replacing o by another embedding L — R.
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Now, the above isomorphism of Hodge structures ultimately (via Kiinneth) cor-
responds to a Hodge class specifying the map (remember that A, has rank 3 over

or)

H?*(X,(C),Z)** - A®? — C*(A,) < End,,(Ay) ~ Ay ®,, AY,

say w € H9((X, x X, x A, x AY)(C),Z). By the absolute Hodge conjecture we see
that Gal(C/Q) acts on w through a finite-index quotient. Without loss of generality
L'/ E is sufficiently large so that Gal(C/L’) - w = w and so that A, is defined over
L. As usual, via the comparison isomorphisms H,, (X, (C), Z) ~ Hg ((Xs) 53, Ze)
one sees that w has ¢-adic realizations, say wy, for all /.

We repeat that in this sketch we will ignore (explicitly) sufficiently small primes
(e.g. those dividing k, or the index of the order generated by the Hecke eigenvalues
of f in op, or the index of C*(A,) C End,, (A,), etc.). For ¢ (explicitly) sufficiently

large, w, furnishes an isomorphism (writing i, for the embedding oy < o, corre-

sponding to the prime A C oy of ' with A|(¢))

@ Sym?pa, » = Sym® Hg, ((A;) 3, Ze)
Al(€)
>~ P ir0). - Ha (Xo) g Z0) | cayion
Al(6)

= @ Smepf)\|Gal(@/L/)7
Al(e)

and indeed we see similarly that ix(0). - Hg ((Xo) /5, Ze)|lcagg ) = Sym?p4, ., SO
that Sym?p4, , = Sym?py, >\|Gal(@ /1 for all A with (explicitly) sufficiently large norm.
Note that we have absolutely no control on L', but on the other hand we know the
Hodge structure of A, exactly (here we implicitly use a theorem of Borovoi-Milne
[30,69] on the conjugation of Shimura varieties).

Our goal is to compare the Hodge structures of A,/L" and A;/L. What allows

us to do this is the following, which is the main point. By Lemma (we empha-
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size that it is completely essential that this lemma gives an explicitly computable
bound), for (explicitly) sufficiently large A C or, we have that p; , is irreducible as
a representation of Gal(Q/L) (and indeed its image contains SLy(F,) where \|(¢)).
This means that the rational representation py \ ®,,., I\ has a unique (up to scaling)

invariant lattice! In other words, because (by definition of Ay)
PagA Dopy FN = pra Doy F,
it follows automatically that one has

PAs N = PFA

— i.e., the isomorphism holds integrally. (We continue to ignore explicitly small
primes in this sketch, but note that one instead concludes for small A that there are
maps ps\ — pa,aand pa, x — pyr with kernels of explicitly bounded size.)

Therefore we see that the base change A /L’ satisfies

SYm2,0Ao,A = SymszfA|Gal(@/L’)'

Moreover, taking determinants of this isomorphism, we see that det p4, ) and
det pa; Al gag 1) differ by a cubic character valued in oj. Since in our case F'/Q is

totally real, it follows that
det pa, » = det PAf«\‘Gal(@/L')-
Let us first see that
PAN Popy = (pagr @opy F))lcar@)r)-
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Write

p = pA0'7A7
p = pAf,A’Gal(@/L/)v
p = p ®0F,>\ F)\7

150 = ﬁ®0F’A F)\'

We first claim that p° = p°. To see this, first note that (by cuspidality and the fact

p° is also irreducible

that f is not CM) p° is irreducible. Similarly, Sym?p° = Sym?
(because f is not CM —i.e. by cuspidality on GL3/L).
Our claim is that

HomGal(@/L’)(pOa 7’) #0,

in other words that the four-dimensional F)-adic representation Homp, (p°, p°) has
nontrivial invariants.
To see this, first note that (p°)* ~ p° @ (det p°) !, and similarly for p° (and recall

that det p = det p, so that e.g. (p°)®? ~ Sym?p° @ det p° = (p°)®2). Next observe that

Homp, (p", p") = (") & (p")** @ (det p)
~ (Sym?p° @ det p°) ® (Sym?p” @ det p°) ® (det p°) 2

= triv @(Sym?p° ® (det p°)1)®? @ Endp, (Sym?p” @ (det p°)).

Thus, because the first (obvious) and last (because of the identity endomor-

phism) terms have trivial summands, it follows that:
dimp, EndGal(@/L’)(HomFx (0", 7)) > 2.

In other words, Homp, (p°, p°) has at least two irreducible summands.
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On the other hand (arguing exactly as in Blasius), the six-dimensional repre-

sentation A*Homp, (p°, p°) decomposes as:

AHomg, (¢, 3°) = A%(p° © 7° ® (det 0*) )

~ (Sym?p @ (det p")~")??

(the "cross-term" in the previous isomorphism). By hypothesis both three-
dimensional summands are irreducible, whereas if Homp, (p°, o) were to decom-
pose into at least three irreducible summands (and thus certainly decompose into
the direct sum of two two-dimensional representations), A*Hompg, (p°, p°) would
have at least two one-dimensional summands, a contradiction.

Therefore

dimp, EndGaI(@/L’)(HomFA(p()? 7)) =2,

ie.
dimFA(HomGal(@/L’)(povﬁo)) =1,

so that there is a Gal(Q/L')-equivariant F)-linear isomorphism p° = .

Thus we have seen that p° = p°. In particular (for simplicity in this sketch we
will only deal with the case that A;/L is geometrically simple, and where oy =~
Endg(Ay), the general case follows similarly by replacing A; by the Serre tensor
product Ay ®gna, (4,) 0 and decomposing Ay into an n-th power with n < [F': Q])
A,/L" and A;/L' are L'-isogenous.

Now let us work integrally. Consider the op-module Homy,/ (A,, Af). A choice
of L'-isogeny A, ~ A shows that, as an op-module, Hom,/(A,, Ay) = I for an
explicit representative I C oy of an element of Cl(op).

By replacing A; with the Serre tensor product Ay ®,, I' if necessary (note

that / lies in an explicit set of representatives for Cl(oy) — alternatively note that
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Ay ~p A @, I, so that by Masser-Wiistholz it suffices to bound the height of
the latter as well), we may assume that Hom;/(A,, Af) = o as op-modules. Let
¢ A, - Ay be a generator of Homy/ (A,, Ay).

We claim that ¢ is an isomorphism (were we including the analysis at small
primes we would conclude that ¢ is an L'-isogeny with explicitly bounded degree,
which of course suffices for a height bound). To see this it suffices to show that
degp = 1, i.e. that ¢ induces isomorphisms ¢ : pa, x > pa, » forall A.

Again, we will only deal with X (explicitly) sufficiently large.

Now because Sym?p° is irreducible, it follows that (this is a restatement of
Schur’s lemma)

dimp, (Endgy g (Sym?p’)) = 1.

Therefore all isomorphisms Sym?®p° 2 Sym?®3° must be Fy-multiples of a single
such — for example, Sym*p! However we know there is an (integral) isomorphism
Sym?p = Sym?p. Thus (by scaling away units) there is an n € Z with 7" - Sym?o :
Sym?p ~ Sym?p an isomorphism, where 7 € o0, is a uniformizer of \.

However because Hom, g,/ (0 ) = 0r - ¢ (this was a manifestation of the
Tate conjecture), we see that there mustbe a v € 0?% (aka p) with 771 - p(v) & 0%3

1

(aka p) — indeed, otherwise 7" - ¢ would be in Homg, /11 (p; 9)-

By explicit calculation or otherwise one sees that similarly
71 (Sym®p)(v?) € o, (aka Sym?p).
Thus (since Sym?y does preserve integrality)
HomGal(@/L/)(Smep, Sym?p) = op - Sym*p.

Thus Sym?y : Sym?p ~ Sym*p must be an isomorphism.
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Thus ¢ : p — p must be an isomorphism. Indeed, ¢ is automatically surjective
(since the corresponding isogeny ¢ : A, — Ay is). Moreover if ¢(v) = 0 then
(Sym?p)(v?) = 0, so that v? = 0 in Sym?p, so that (by explicit calculation) v = 0.

In other words deg ¢, the degree of the isogeny ¢ : A, — Ay, must be prime
to A. Since this holds for all (recall that we are ignoring explicitly small primes) A,
it follows that degyp = 1 and so ¢ : A, ~ Ay is an L'-isomorphism. (Taking ex-
plicitly small primes into account would lead us to conclude that deg ¢ is explicitly
bounded, which also suffices.)

We conclude that A, (C) = A;(C), where we have used (an extension of) the em-
bedding o : L — R — C to base change to C. Therefore we can read the periods of
Ay /L corresponding to o off from those of A, — that is, the periods of A;/L cor-
responding to o are just those of A,, which we have determined explicitly, or else
a Serre tensor product thereof with an explicit representative of one of the finitely
many ideal classes of 0. Doing this for all o : L — R, we have therefore explicitly
bounded the (contribution at infinity — recall that we are ignoring primes in S —
of the) naive height of A;/L induced by the Baily-Borel/Satake compactification
of A,, and thus the stable Faltings height h(Ay), as desired.

This completes the sketch of the proof of Theorem[9.5.1] O
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Chapter 10

C'(K): Cohen-Wolfart.

Abstract.

We give an algorithm that, on input (C, K) with C/K a smooth projective
hyperbolic curve over a CM field K admitting a Belyi map over K with suf-
ficiently divisible ramification indices, outputs C'(K), along with an uncondi-
tional certificate of correctness of the output. Assuming the existence of mo-
tives associated to "parallel weight two" automorphic representations of GLo

over a CM field, we prove this algorithm always terminates in finite time.

The key point is to use the arguments of Chapter [ and a construction of
Cohen-Wolfart to produce a family (namely a pullback of a hypergeometric
family) of GL2(Q((x))-type abelian varieties A — C defined over K and with
endomorphisms by Z[(y| defined over K ((x). We of course replace our use
of potential modularity results over totally real fields in Chapter [9 with the

recent breakthrough providing such results over imaginary CM fields.

10.1 Introduction.

So we have seen how to algorithmically find the rational points on (smooth pro-

jective hyperbolic) curves over number fields by assuming standard motivic con-
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jectures (Chapter [7) or strong modularity conjectures (remarked in e.g. Chapter 9).
We have seen that the latter modularity conjectures can be weakened if we restrict
to hyperelliptic curves, thanks to a theorem of Bogomolov-Tschinkel (Chapter [§).
We have also seen that we can obtain completely unconditional algorithms if our
curve instead happens to be defined over an odd-degree totally real field and also
to admit a map to some Hilbert modular variety that is defined over an odd-degree
totally real field (Chapter[9). But it is not clear that these constitute progress on our
original goal, namely to give effective height bounds in Faltings” Theorem, at least

over e.g. Q. Is there an easily-checked criterion that implies that one can find the

rational points on a given curve using Theorems [9.1.1|and 9.1.2) of Chapter [P

The purpose of this chapter is twofold. First, in a sense we explain why the
results of Chapter [J are interesting absent such a criterion. Second, we reduce the
full problem of giving effective bounds in Faltings” Theorem for an explicit and
large class of curves over a CM field (in particular, over Q) to a statement about
"parallel weight 2" cuspidal automorphic representations of GL, over a CM field.
This statement follows from the existence of abelian varieties associated to such
automorphic representations (or even motives associated to some functorial lift
thereof, since we may argue as in Section of Chapter E[), for example, so that the
problem of effectivizing Faltings” Theorem for such curves over CM fields reduces

to a completely standard conjecture in the Langlands program.

10.1.1 Main theorem.

In this chapter we prove the following theorem.

Theorem 10.1.1. There is a finite-time algorithm that, on input (o, K, S) with o an order
ina CM field F/Q, K/Q a CM field, and S a finite set of places of K, outputs a finite set

II of pairs (L, ), where L/ K is an odd-degree CM extension totally split at infinity (thus
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L/Qis CM), and 7 is a weight zerd!| cuspidal automorphic representation of GLs/L, such
that, for all [F" : Q|-dimensional abelian varieties A/ K with good reduction outside S and

admitting o — Endg (A), there is an (L, ) € 11 for which one has that:
e the ring of Hecke eigenvalues of 7 is a subring of o,

o and that

(PA,)\ ®0>\ F)\)|Gal(@/L) = Pr.A ®0A F/\

for all (explicitly) sufficiently large \, where pay : Gal(Q/K) — GLa(0,) are the
A-adic representations associated to Ty(A) := @A[A”], and pr : Gal(Q/L) —

GLsy(0)) are the A-adic representations associated to .

Of course, if one knew the existence of abelian varieties A, /L associated| to
such 7, then, by simply searching through abelian varieties B/L of larger and
larger height until we find A, /L, we would be able to produce a height bound (via
Masser-Wiistholz) for all A/K of GLy(0)-type over K with good reduction outside
S. By the construction of Cohen-Wolfart discussed in Section this would then
produce a computable height bound on all points of C'(K) given (K,C/K) with
C'/ K Belyi-hyperbolic over K, in the following sense.

Definition 10.1.2. Let K/Q be a number field. Let ey, e1, e € Z* be such that % +
6—11 + i < 1. A smooth projective hyperbolic curve C/ K is calleaﬂ Belyi-hyperbolic over
K (with corresponding Belyi map 3 and parameters (eg, 1, e5)) if 3 : C — Plis
defined over K, is a Belyi map [13] (i.e. is ramified only over 0, 1, and oo), and is such
that all ramification indices over 0 are divisible by ey, all ramification indices over 1 are

divisible by ey, and all ramification indices over oo are divisible by e...

'We switch to this nomenclature (which is a p-shift from our use of "parallel weight 2") in order
to match the ten-author paper [3].

?Here we allow the possibility that pa, » ®z Q 2 (pr ) ®z Q)¢ with d € ZT (or even just that
there is a nonzero map p, » ®z Q — pa, x» ®z Q), since it makes no difference to the algorithms.

3We will often abbreviate the statement that C'//K is smooth, projective, and Belyi-hyperbolic
over K to the statement that C'// K is a smooth projective Belyi-hyperbolic curve.
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We summarize the above remark as follows/

Corollary 10.1.3. There is a finite-time algorithm that, on input (K, C/K) with K/Q CM
and C/ K a smooth projective Belyi-hyperbolic curve, outputs (3, eg, €1, €x, a, b,c, N, A, B, C,1I),
where (3, €y, €1, €x,a,b,¢, N, A, B,C) are as in Definition [10.1.2) and Section and
II is a finite set of pairs (L, m) with L/K a CM extension totally split at infinity and
7 a weight zero cuspidal automorphic representation of GLy/L, such that, for every
P e C(K), writing Ap/K for the hypergeometric abelian variety with parameters
(N, A, B, C) corresponding to S(P) € P(ep, €1, ex), thereis an (Lp, 7p) € I for whic}ﬂ

L(S? IOAP/K(CN))\) = L(57 7TP>

for all (explicitly) sufficiently large primes A\ C Z[(n| of Q(Cn)-

In particular, there is an algorithm that, on input (K, C/K) with K/Q CMand C' /K a
smooth projective Belyi-hyperbolic curve, outputs C(K), along with unconditional proof of
correctness of the output. Assuming the existence of abelian varieties associated’|to weight
zero cuspidal automorphic representations of GLy over CM fields, this algorithm always

terminates in finite time.

We note that, by a similar search through motives and by mimicking the proof
of Theorem given in Section 9.5/ of Chapter[9, one should be able to derive the
same conclusion (modulo allowing for the output of an unconditional disproof of

a standard conjecture, just as in Theorem as compared to Theorem[9.1.1)) from

“We must comment on the following. From Cohen-Itzykson-Wolfart’s [41], it would seem that
every smooth projective curve C/K is Belyi-hyperbolic over K as defined above, and thus that
the hypergeometric family construction we proceed to give (and thus our results about rational
points via potential modularity) go through for every such C'/ K. However unfortunately there is a
mistake in [41]: implicit in the last line of the statement of Proposition 1 in [41] is an incorrect step.
In their notation, the quotient A\ is not necessarily isomorphic to ¥ — it is in fact an orbifold such
that, upon forgetting multiplicities, one gets %. This invalidates the argument given to prove their
Theorem 1.

Note that this determines L(s, Ap/K) explicitly in terms of 7p.

®Again, we allow the possibility that pa, » ®z Q = (p, x» ®z Q)¢ with d € Z* (or even just that
there is a nonzero map p, » ®z Q — pa, x» ®z Q), since it makes no difference to the algorithms.
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the existence of motives associated to suitable functorial lifts of = as well — in the
proof of Theorem we used the existence of motives associated to Sym*r when
L/Q s totally realf]

10.1.2 Main idea.

It is clear what to do to prove Theorem and arguably the main idea of this
chapter is to use the construction of Cohen-Wolfart detailed in Section to de-
duce Corollary Nonetheless let us explain the proof of Theorem

The point is that we may simply imitate the algorithm in Section of Chap-
ter [9 in this context, because Lemma still applies (we could also use only
Lemma 7.1.3 of the ten-author paper [3] and then imitate the algorithm sketched
in Section instead). We must of course replace the TaylorMoretBaillyExten-
sions subroutine, which closely followed Section 5 of Snowden’s [95], with a simi-
lar subroutine closely following Section 7 of the ten-author paper [3], but the core
of the argument is the same: an extension produced by invoking the Moret-Bailly
theorem (for example F,' /F," F*, in the notation of the proof of Corollary 7.1.11 of
the ten-author paper [3] — see their page 186, where they invoke Proposition 3.1.1

of [12]) is computable in finite time.

10.2 A construction of Cohen-Wolfart.

Let us now detail the construction of Cohen-Wolfart (see specifically Section 3.3 of

their [40], though note that they work over Q).

7Tt is tempting to guess that one can bound the periods of an A, /L in terms of the subspace
corresponding to 7 in the singular cohomology of the corresponding locally symmetric space,
for example (in the totally real case this would correspond to usithe full tensor induction

(®—Ind)23g§% pr.» instead of Sym?p,, y for the arguments of Section (9.5 of ChapterEI).
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Let K /Q be a number field. Let C'//K be a smooth projective hyperbolic curve
that is Belyi-hyperbolic over K. Let 5 : C — P! be the corresponding Belyi
map, and ey, e1,eo, € ZT the corresponding divisors of the respective ramifica-
tion indices. Without loss of generality ¢y < e; < e,. We regard this as a map

C — Pl(eg, €1, €x), where P! (eg, €1, e) is an orbifold P! with 0, 1, co given multi-

plicities
1 1 1
p=—q=—17=—
€o €1 €oo
respectively. In other words P!(eg, €1, €x) = h/A(eg, €1, €s), the quotient of the

upper-half plane by the standard triangle group.

The point is that P'(eg, e1,e) has a standard family (first noticed perhaps
by Weil, but certainly by Deligne-Mostow, Wolfart, Wiistholz, Darmon, etc.) of
abelian varieties on it, namely the hypergeometric family, which we will now

detail f

Specifically, let a, b, c € QT solve the following system of equations:
p=I|1—cl,¢g=lc—a—-0bl,r=a—0

Let N be the least common multiple of the denominators of ¢, b, and ¢, when writ-

ten in lowest terms. Let
A=N-(1-b),B:=N-(1+b—c¢),C:=N -a.

The hypergeometric family corresponding to (e, €1, e~ ) is then defined as follows:

given z € P! — {0,1,00}, let X MA.5,0) /Q(z) be the desingularization of the curve

CgN,A,B,C’) : yN — A (1- x)B 1=z x)c.

8See Archinard’s [8] for a careful and thorough discussion of the construction.
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Let A./Q(z) be connected component of the intersection of the kernels of

Jac X\MAPE) o Jae xAPC) (arising from the obvious maps cABO)
CIPABO) Via (z,y) — (x,y7)) over all d|N with d < N.

Then dim A, = ¢(N) and Z[(y] — Endg(c,,-)(A-), with (5 acting by (z,y) —
(z,(n - y) at the level of CNABC),

In other words A, is of GLy(Z[(n])-type over Q((n,z)! Moreover by a period
calculation (see e.g. the ends of Sections 3.1 or 3.2 of Cohen-Wolfart’s [40] — the key
point is that Schwarz triangle maps continue over 0, 1, c0) one sees that the family,
which we have a priori only defined over P! — {0, 1, 00}, extends to a family over
Pl (e, €1, oo ).

Pulling back by the Belyi map 3, we find that over our smooth projective Belyi-
hyperbolic C'/K there is a family A — C of abelian varieties of GLy(Z[(x])-type
over K (Cy)f] We note that, just as in Chapters and 9} the corresponding map
C' — Ay v extends to S-integral models for S an explicitly sufficiently large finite
set of places of K.

Therefore, to determine C'(K), it suffices to determine instead the finitely many
¢(N)-dimensional abelian varieties A/K with good reduction outside S and ad-
mitting a map Z[(y] — Endg,)(A). This is tantalizingly close to being the situ-
ation considered in Chapter 9] The crucial difference is that, even if we take e.g.
K = Q, we must still work with representations Gal(Q/Q(¢n)) — GLa(Z[Cn]n),
because the endomorphism (y of our abelian varieties is only defined over Q({x).
Because this then implies that the corresponding automorphic forms are on GL,

over an imaginary CM field, we will not be able to construct abelian varieties asso-

°It is worth noting that these abelian varieties are even more constrained: because of the mon-
odromy of the hypergeometric differential equation, their Mumford-Tate groups lie in the units of
the quaternion algebra spanned by A(eg, e1, e~) over the trace field of its squares. This further
constrains their Galois representations by e.g. Deligne’s absolute Hodge theorem, though we do
not see a way to take advantage of this extra structure because it occurs over a finite extension
(which one can compute by mimicking the arguments in the next chapter, particularly the use of
the identity of finite-field hypergeometric functions).
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ciated to the corresponding automorphic representations, even though the poten-
tial modularity step (thanks to the ten-author paper [3]) is still available.
Nonetheless this explains why the results of Chapter [9]are arguably interesting:
we find that many curves C'/K over a number field support a family of abelian
varieties over K of GLy-type over K ((y) for some N. While Chapter [0 only allows
one to take a totally real extension of scalars (and thus not K — K((y)), itisnota
priori clear that one cannot do better by modifying the Cohen-Wolfart construction

slightly.

10.2.1 Example: Fermat curves.

To orient the reader, and in order to present a crucial point of intuition, we explain
the above construction in the particular case of Fermat curves.

First, for n > 4, the Fermat curve F), : 2" 4+ y" = 1 is Belyi-hyperbolic over Q:
the degree-n? map 3, : (z,y) — 2" has all ramification indices over 0, 1, co equal

to n. Thus we may (and will) take ey := €1 := ey :=n,andsop=¢g=r=-. A

SI=

solution of the system defining a, b, c is given by e.g.

—1 -3 —1
a:="1 7b::n ,andc::n :
2n n

Let us take n to be an odd prime for clarity. Then N = n. Correspondingly,

n+3 B:n_l,andC:ngl.

A= ,
2 2

Thus, given e.g. P =: (u,v) € F,(K) with u,v # 0,00, we obtain Ap/K as a

quotient of the Jacobian of the (desingularization of the) curve



Moreover Ap acquires endomorphisms by Z[(,,| over K((,), and, because the hy-
pergeometric family is over the projective curve F,, Ap has explicitly bounded
conductor.

However of course it is not clear how to prove a priori that no such P exists
when K = Q! But for our purposes it is crucial that the conductor of Ap/K be
bounded — i.e. that the family not degenerate at any point of F;,. Note also a key
weakness of the technique: as we have seen in Chapter [9) we would be in much
better shape were Ap/K of GLy-type over a totally real field, rather than over the
imaginary CM field K((,).

We must of course eventually discuss Wiles” proof of Fermat’s Last Theorem,
so let us do so here. Recall that Wiles uses the Frey curves: the family of el-
liptic curves over the punctured Fermat curve F,, — {u" € {0,1,00}} given by
(u,v) = By 1 y* =z (x+u") - (z— v”)m Because the goal is to show that
(F, — {u™ € {0,1,00})(Q) = 0, this family is perfectly tailored to the problem.
However from the perspective of the technique we give here Wiles’ proof is a re-
markable gambit: by giving up compactness and using a family of abelian varieties
over the punctured curve (that actually degenerates at the punctures), one gives up
a priori control of the conductors of the fibres. To partially rectify this one uses
level-lowering to find a congruence between L(s, E(,,)/Q) and the L-function of a
bounded-level modular form, so that at least one has control over the conductor of
some congruent form. The miracle that makes the gambit successful is, of course,
the nonexistence of nonzero cusp forms of that level — and it is not clear what one
would have learned had there been e.g. a five-dimensional space of such forms!

We comment also on Darmon’s use of hypergeometric abelian varieties for the

solution of generalized Fermat equations. For the moment take K/Q totally real.

1Note that the map (u,v) +— u" taking F, — Pl(n,n,n) restricts to a map F, — {u" €
{0,1,00}} — P! — {0,1,00} = P!(o0,00,00), and that the hypergeometric family of abelian va-
rieties over P* — {0,1,00} formed by (formally) taking ey := e; := es := 00 is of course the
Legendre family of elliptic curves.
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As we have mentioned, our abelian varieties Ap/K are only GLy-type over K((,),
and not over e.g. K(¢,)" = K(cos (2)). Darmon realized that, at least when e.g.
e; = oo among other hypotheses, one can quotient the curves X NAB.C) by an ex-
plicit involution so as to produce a family of @-dimensional abelian varieties
with endomorphisms by Z|cos (2£)] defined over K(cos (2¢)). However in so do-
ing one trades away compactness, and therefore all a priori control on the conduc-

tor of an Ap/K, so that our techniques are not relevant.

10.3 The algorithm and its subroutines.

Let us now precisely specify the algorithm alluded to above. We note that we
will be considerably more terse in this chapter, since we are simply imitating the

algorithms in Section 9.2 of Chapter[9]

10.3.1 ExplicitPotentialModularity(o, i, 5):

Input: o, K, S, with o an order in a CM number field Fraco =: F/Q, K/Q a CM
field, and S a finite set of places of K [T]

Output: II, a finite set of pairs (L, ) with L/ K an odd-degree CM extension totally
split at infinity, and = a weight zero cuspidal automorphic representation of GL,/L,
such that, for all [F' : Q]-dimensional abelian varieties A/K with good reduction
outside S and admitting o — Endg(A), there is an (L, 7) € II for which one has

that

L(s, PA,A|Ga1(@/L)) = L(s,m)

for all (explicitly) sufficiently large A C o, where pa » : Gal(Q/K) — GLy(0,) is the

representation corresponding to 7)(A) := JHm A[\"], the A-adic Tate module of A.

""We note that we may of course without loss of generality assume that K contains an imaginary
quadratic field and that S is the full finite set of primes lying over a finite set of primes of Z. This is
a minor technical point related to the stabilization of the trace formula and we will ignore it below.
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Algorithm:
1. Let I := Fraco. Let g := [F : Q]. Let my := [ .o p'*"" 9.
2. F := output of RelevantExtensionsOverCMFields(F, K, Nmm).

3. Let, for L € F, mp = [T co, . onms)1 p!0* L0 3 product over primes of L

dividing Nm q for some q € S.

4. Let
I (L,m) | L € F,maweight zero cuspidal automorphic representation
| of GLy/L of level dividing my,
5. Output II.

10.3.1.1 Explanation in words.

This is the evident adaptation of the algorithm of Section of Chapter [9)
without, of course, the height bound (since there is no analogue of the Jacquet-
Langlands transfer/cohomology of Shimura curves construction of abelian va-
rieties associated to our 7). Again we crudely bound the level of a 7 associated
to (the base change to L of) an [F' : Q]-dimensional GL,-type abelian variety
A/K with good reduction outside S using Brumer-Kramer [34] and the fact
that the conductors of the A-adic representations associated to m agree with the
form’s level (here instead of using Carayol’s [35] we invoke results on local-global

compatibility in the ten-author paper [3] and Varma'’s Princeton PhD thesis [102]).

10.3.2 RelevantExtensionsOverCMFields(E, K, s):

Input: £, K, s, with E/Q and K/QCM, and s € Z™.
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Output: F, a finite set of odd-degree CM extensions L/K that are totally split at
infinity such that, for all primes A of £/ with Nm A prime to s and representations
p: Gal(Q/K) — GLy(0p,) arising from abelian varieties A/ K with good reduction
at primes not dividing s and admitting an embedding £ — Endx(A) ®zQ, there is
an L € F such that p|q, g, is the A-adic representation of a weight zero cuspidal
automorphic representation of GL,/L (with coefficient ring a subring of o).

Algorithm:

1. Let Ay C op be a prime of E with Nm )¢ prime to s. Let A C op with Nm A
prime to s and satisfying Nm A > Cp g 5 5, in the notation of Lemma of
Chapter [0 Let ¢ be the prime of Z with A|(¢). Let S := {p[(s - ¢) : p C 0k}

2. Let W, be the set of finite-order characters

¥ Gal(Q/K) — o,

of K that are unramified outside S and primes above /.

3. Let

(p,) | p: Gal(Q/K) — GLy(0x/A) odd and unramified outside S U {q|(¢)},
Y € Wy, SLy(Fy) C p(Gal(Q/K)),det p =1 - x, (mod \)

Ry =

where Y, is the (-adic cyclotomic character[]

4. Let, for each (p,v) € R),

Fp.p) = output of TaylorMoretBaillyExtensionsOverCMFields(p, ¢, K, E, \).

12Note that if K/Q is imaginary CM then all p are automatically odd.
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Let

~H o, ~ ~ ~
Flow) = {L(pfwgb’  Lipwy € Flow)s Hipwy € Gal(L,,y)/K) a 2-Sylow subgroup} )

5 Let F:={K}U U(p,w)eRA Flow)-

6. Output F.

10.3.2.1 Explanation in words.

Because Lemma of Chapter[9|applies verbatim to this situation, the only part
of the algorithm of Section of Chapter [J that we have needed to change is
the use of the TaylorMoretBaillyExtensions subroutine, which follows Section 5 of

Snowden’s [95] and is thus special to Hilbert modular eigencuspforms.

10.3.3 TaylorMoretBaillyExtensionsOverCMFields(p, ¢, K, E, q):

Input: p, ¢, K, E, q, with q|(p).

Output: F, a finite set of CM Galois extensions L/K that are totally split at infinity
for which, for all odd and finitely ramified p : Gal(Q/K) — GLy(0x4) with Hodge-
Tate weights {0, —1} under all embeddings K — Q, and such that p mod q = p
and det p = ¢ - x,, with x, the p-adic cyclotomic character, one has that there is an
L € F for which p[g, g/, is the g-adic representation of a weight zero cuspidal
automorphic form of GL,/L.

Algorithm: Rather than copying over the proof of Theorem 7.1.10 (and thus Corol-
lary 7.1.11) of the ten-author paper [3] as we did in Section 9.2.3] of Chapter [9| with
Snowden’s proof of Theorem 5.1.2 of his [95]], we will simply observe that each
subsequent extension used in their proof is computable. The only nontrivial point
is, again, that the extension (in their notation, F; /F;t F'*) guaranteed to exist by

the Moret-Bailly theorem is evidently computable.
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10.3.3.1 Explanation in words.

We have simply referred to the proof of Theorem 7.1.10 in the ten-author paper [3],
so there is nothing to explain. We repeat that Moret-Bailly’s proof (see Section 4 of
[71]) and Rumely’s proof [85,86] of Rumely’s theorem are both constructive — see

the comments in Section[9.2.3.1] of Chapter 9]

10.4 Proof of termination and correctness.

Let us now turn to the proof of termination and correctness of the algorithm spec-

ified in Section[10.3.1} In this section we prove the following theorem.

Theorem 10.4.1. Let K/Q be CM. Let S be a finite set of places of K. Let F'/Q be CM.

Let o C op be an order in F. Then:
o The algorithm specified in Section|10.3.1| terminates on input (o0, K, S),

o and, letting
IT := output of ExplicitPotentialModularity(o, K, 5),

forall [F : Q|-dimensional abelian varieties A/ K with good reduction outside S that

admit a map o — Endg (A), there is an (L, ) € 11 such that

L(s, IOA,)\’Gal(@/L)) = L(s,m).

Evidently this implies Theorem [10.1.1
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10.4.1 Proof of Theorem

We break the proof into two parts for clarity. First we prove that, if the algorithm
terminates, its output is correct. After that we will prove that the algorithm always
terminates.

Note that, given the discussion in Chapter [9} and because of the fact that the
algorithm of Section simply refers to the ten-author paper [3], the proofs of
both termination and correctness are essentially self-evident. Nonetheless we will

give them.

10.4.1.1 Proof of correctness.

Proof of correctness assuming termination. Let A/K be an abelian variety of dimen-
sion dim A = [F : Q] with good reduction outside S and admitting a map o —
End(A). The claim is that there is an (L, m) € II for which L(s, paxlgam/r) =
L(s, ). That this holds follows from combining Corollary 7.1.11 of the ten-author
paper [3] (because we follow their proof in the algorithm in Section[10.3.3), Lemma
9.3.3] of Chapter 9} and, to bound the level of a weight zero cuspidal automorphic
representation corresponding to an abelian variety A/L with good reduction out-
side S by m;, Brumer-Kramer [34] and the local-global compatibility proved in the

ten-author paper [3] and in Varma’s Princeton PhD thesis [102]. O

10.4.1.2 Proof of termination.

Proof of termination. In fact this is evident. Certainly Steps 1,3, and 5 in the Ex-
plicitPotentialModularity algorithm terminate. Step 4 is a search for weight zero
cuspidal automorphic representations of GLy/L of bounded conductor, so it ter-
minates (implicitly we specify them by the first few Dirichlet coefficients of their
L-functions). So we must prove that Step 2, i.e. the RelevantExtensionsOverCM-

Fields algorithm, terminates.
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But this is again evident (in the same way as in Chapter[9) — we need only com-
ment on Step 4, i.e. the TaylorMoretBaillyExtensionsOverCMFields algorithm, and
again the point is that the Moret-Bailly theorem guarantees that we are searching
for an element of a nonempty set that is recursively enumerable, so that the algo-

rithm terminates. OJ

10.5 Remarks.

We have already remarked that, in order to conclude that (K,C/K) — C(K) is
computable (where K/Q is CM and C/K is Belyi-hyperbolic over K), one may
assume something weaker than the existence of abelian varieties associated™| to
weight zero cuspidal automorphic representations of GL; over CM fields — specif-
ically, one may assume the existence of motives attached to suitable functorial lifts
of 7 (e.g. Sym?7 on GL3/L or Ind:" 7 on GSp, /L*, etc.) as well.

In fact one may assume even lessﬁ To make the idea clear, let us consider the
familiar case of hyperelliptic curves Cy, : y* = 2" — k over Q with n > 5 odd — note
that Cy, is Belyi-hyperbolic over Q via the map (z,y) — %-. Let II be the output
of the algorithm implicit in Corollary when run on input (Q, Cx/Q). Rather
than using II to bound the heights of the points in C,(Q), which we could do if we
knew there was an A, /L associated to any 7 with (L, ) € II, we instead seek to

compute a finite set S of primes of Q for which

Cr(Q) = G (Z[S™))

"Recall the footnotes in Section[10.1.1]

4To be clear, we are not sure how to prove a hypothesis like the below without e.g. the existence
of a global object, like a motive associated to 7, controlling all the abelian varieties A,/ L4 associated
to the local representations of 7.
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— in other words, to bound the primes in the denominators of elements of Cj(Q).
Of course this amounts to bounding the primes p at which there is a P € C,(Q)
with P = oo (mod p), where co € C(Q) is the unique point at infinity of Cj. (Recall
that of course Ci-(0f 5) is easily computable by Baker.)

We first simply compute the image of co € Cj(Q) under the Cohen-Wolfart
map to find a ¢(/NV)-dimensional abelian variety A,/Q with Z[(y] — Endgc,)(Ao)-
Let now (L,7) € Il be such that L(s, T\ (Ao)|ga@/r)) # L(s, 7). By modifying the
algorithms we have given to also take a parameter M € Z* and to attempt to fal-
sify the following statement for time M (much like we did in the SeemspDivisible
subroutine in Section[7.3.5/of Chapter[/), we may assume without loss of generality
(by a day/night argument) that the representations p,,, : Gal(Q/L) — GL2(Z[(n],)
have the property that, for all q|Nmp, prplca gz, is the Galois representation of
the Tate module T} (A,) of a p(/N)-dimensional abelian variety A,/L, admitting a
map Z[(n] = Endp, ¢y (Aq)-

Thus we see that, were there a finite-time algorithm that, on input (A¢/K, L, 7),
outputs an integer T{4,/x,rx) € Z7 such that, for all g with Nmq > T Ao/ K, L,m)s
the abelian o0, /g-varieties A, (mod q) and A, (mod q) are not isomorphic, we could
conclude. This is the aforementioned hypothesis — note that it is obvious if all
the A,/L, are base changes of a single A/L, since then T4,k ) is controlled by
h(A) (two distinct integers m # n (or distinct S-integral K-points on A,) can only
be congruent at primes p < |m — n|). We note also that one can rephrase this in

terms of p-divisible groups if one prefers (D, r.plcai@,r,) Tegarded as valued

a)’
in GLay(n(Zyp), corresponds to a p-divisible group over L,, and thus, by Raynaud,
over oy, 4. Applying the D, functor we find a filtered p-module corresponding
to the p-divisible group over o; 4, and forgetting the filtration gives the p-divisible

group associated to the special fibre).
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Nonetheless a fully unconditional result for all Belyi-hyperbolic curves over

CM fields seems just out of reach.
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Chapter 11
6 3 _ 1.
z° + 4y° = 1: an example.

Abstract.

We give a finite-time algorithm that, on input K/Q a totally real field, outputs
either the finite set {(z,y) : z,y € K, 2% + 4y3 = 1}, or else — and this case can
only occur when [K : Q] is even — an unconditional counterexample to the

absolute Hodge conjecture.

11.1 Introduction.

The purpose of this chapter is to give a simple, self-contained, and explicit example

application of the ideas detailed in the previous chapters.

11.1.1 Main theorem.

We will prove the following. Let, for a € Q, C,/Q(a) be the curve with affine model

2% + 493 = a®.

Theorem 11.1.1. There is a finite-time algorithm that, on input (K, a) with K/Q a totally
real field and a € K*, outputs either C,(K), or else — and this case can only occur when

[K : Q) is even — an unconditional disproof of the absolute Hodge conjecture.
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The caveat about the absolute Hodge conjecture should be familiar from Chap-
ter 9 and arises simply because it is not yet known unconditionally that there is
an abelian variety associated to every parallel weight 2 Hilbert modular eigencusp-
form over an even-degree totally real field.

Note that in the particular case of K/Q totally real of odd degree and a € K*
we are asserting that there is a (to be clear: completely unconditional) finite-time
algorithm computing C,(K). In fact because in principle one could phrase the
main theorems of Chapter 9 as explicit height bounds, this asserts the existence of
(completely unconditional) explicit height bounds on the K-rational points on the

curves C, /K for K/Q totally real of odd degree.

11.1.2 The technique.

To prove Theorem we will construct a non-isotrivial family A — C, of
abelian surfaces over the smooth projective genus 4 curve C, /K with affine model
2% 4+ 4y® = a® which has the property that each fibre over a point in C,(K) is an
abelian surface over K with bounded conductor (since the family is a family of
abelian surfaces over the whole of the projective curve C,), has quaternionic mul-
tiplication over K ((3), and, for K/Q totally real, is of GLo-type over K.

This implies that, to find C,(K) for such K, we need only produce the GL,-type
abelian surfaces over K with bounded conductor. In fact it is simple to produce
an explicit finite set F for which each of the relevant abelian surfaces is of GLy(F')-
type over K for some F' € F, and then we may simply apply the main theorems of
Chapter 9 to conclude.

Finally, we will check that we are not proving something tautological by ex-
plicitly constructing infinitely many totally real points on C; — these are of course
guaranteed to exist by Moret-Bailly’s theorem, but we will give an explicit con-
struction nonetheless. We will also produce a totally real cubic field K/Q over
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which there are infinitely many a € K* for which C,(K) # 0 to show that the
theorem is nontrivial over odd-degree totally real fields — where one may ignore
the caveat about the absolute Hodge conjecture — as well.

We note that we chose the example C; : 2° + 4y* = 1 (and its twists C,,) because
of Deines-Fuselier-Long-Swisher-Tu’s [42], where they discuss exactly the hyper-
geometric family of abelian varieties associated to the arithmetic triangle group]]
A(3,6,6) which we use here. We hope it is evident just how much the existence of

this chapter owes to their [42].

11.2 The hypergeometric family.

For us the relevant hypergeometric family will be the one corresponding to the

1

hypergeometric function z — 2F} z |. Let, for A # 0,1,00, X,/Q(X) be

oot Wl

the desingularization of the curve

Y =2 (1 —2)*(1 — \-2).

Note that each fibre of this family X — P' — {0,1,00} is a genus 3 curve. Let
Jac X,/Q()\) be the family of Jacobians, and let A,/Q(\) be the family of Prym
varieties corresponding to the map to the (desingularization of the) curve E) :

y* = z*(1 — 2)*(1 — X - z). In other words, there is an isogeny

JacX,\ ~Q(N) E)\ X A)\,

For comparison to Chapter [8 note that A(3,6,6) is of index 2 inside A(2,6,6) — indeed, for
z,y € A(2,6,6) generators with 2% = y® = (2y)® = id, note that (zy)? and y~! generate a subgroup
isomorphic to A(3,6,6).
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defined over Q(\), with Ay/Q()\) an abelian surface, and E) : y? = 2® + 16)\? an
elliptic curve over Q(\).

Thanks to the automorphism (z,y) + (z,{s - y) of y¥ = 2*(1 — 2)*(1 — X - ), it
follows that

Z[¢3] — Endg(gy ) (Ax)-

Thus each fibre is of GL(Z[(3])-type over Q((s, A), and indeed this was all we used
in Chapter 10.

However because the relevant triangle group, namely A(3, 6, 6), is arithmetic,
we get even more. Specifically, the base change A,/Q()\) admits quaternionic mul-

tiplication by the indefinite quaternion algebra over Q of discriminant 6.

In fact we will see that the quaternionic multiplication is defined over

Q (Cs, (A- (%)2)%>, but let us leave this to Section|11.3]

Let us now explain how to form a family of abelian surfaces over our C,/Q(a?)
using this construction.

Specifically, writing, for P =: (z,y) € C,,

we claim that the pullback family
P— A fa(P)s

which is a priori defined over C,—{P € C, : f,(P) € {0, 1,00} }, extends to a family
over all of C,,. In Chapter we cited Cohen-Wolfart to see this in the general case,
but let us check it by hand heref]

2Qur argument will basically amount to an explicit continuation of particular Schwarz triangle
functions to their singular points and so will ultimately be no different from the general argument
given by Cohen-Wolfart in [40].
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It suffices to show that the pullback family
P+ JacX fa(P)

extends to all of C,. This is a map from a punctured curve to the moduli space
As. By the Borel extension theorem (here basically Riemann extension) it extends
to a map to the Baily-Borel/Satake compactification C, — A¥*. Let us now check
at the level of periods that the family does not degeneratef] at those P for which
fa(P) € {0,1,00}. It is evident that the pullback family P — FE; p), which is
isotrivial (all fibres are isomorphic over Q(f,(P), a3) to the elliptic curve y? = 2% +
1), does not degenerate. So it suffices to check this for the family P — Ay, p).
Following Deines-Fuselier-Long-Swisher-Tu’s [42], we see that the relevant pe-

riods are those of the differentials

Y dx
o Vat(l—ax)3(1—\-x)
and
dx
w_

T V(2P A-a)p
over Pochhammer contours 7,,71 ., around the pairs {0,1} and {5, 0o} of singu-
lar points of the model y® = 2*(1 — z)3(1 — A - z).

These are of course all values of hypergeometric functions, and indeed Example
3 in Deines-Fuselier-Long-Swisher-Tu’s [42] evaluates the periods explicitly: we

tind that, for A # 0, 1, oo, the period lattice of A, is given by

Z[Cs) - v + Z[¢Gs] - w € C?,

3We leave implicit the fact that the family extends holomorphically over those points to a family
over C — this will follow from Riemann extension and the below analysis upon noting that z° =
A= f,(P)and y® = 152, so that the 2 x 4 complex matrices that we produce over points in small
punctured disks around the various punctures will remain bounded and vary holomorphically in

(z,y).
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with (3 ~ C? via diag((s, (3 ') € GLy(C), and with

11
By A |
6
V= :
502
BEY-A|
6
216
0 A ()7
w = ) _é - U,
2 [a- (4] 0
where we have written B(-, -) for the usual beta function
dx [(a)T'(b)

Bla,b) = /0 (1= x)bw(l —z) T(a+b)

a
and o F} z | for the usual Gauss hypergeometric function
c
a b 1 dx
B(b,c—b) - oF = [ 21 —-2)"( “
e=nyari | © s | a—o -z

Let us check that the family of abelian varieties does not degenerate as A — 0.
Of course we may apply an automorphism of C? to the period lattice, and so we
apply the automorphism diag (1, 5 [)\ : (%)2} é) € GLy(C) and then take the
limit as A\ — 0. We obtain the latticef]

N
&
oot W=
_I_
N
&
=

(@)
oot Wi

40f course o F} ( 6

DT =

‘ O) =1, etc., but we have left it as such for clarity.
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and so we find, as expected, that the limiting abelian variety over C is CM — and
indeed simply E;*/C, the square of the elliptic curve E; : 4> = 23 + 1 over C with

complex multiplication by Z[(s].

One gets the same as A — 1 after scaling away the singularity of ,F;

[= EN EEGVIT )

at A\ = 1by e.g. changing variables by diag (1, () %> € GLy(C), so that the family

also does not degenerate (and indeed has the same limit, namely £,;?/C) at A = 1.

1

5

Finally one instead cancels the zeroes of 3 F} A | and 2 F) 6 A

oot W=

as A\ — oo (via diag(As,A3) € GL,(C)) to see that the family does not degenerate
(and has the same limit of £;?/C) at A = oo as well.
So the map C, — A}P via P — Jac X, (p) indeed lands inside A3, whence we

have the desired family A — C,,.

11.3 Endomorphisms of the hypergeometric family.

At the level of periods it is obvious that the abelian surfaces A,/Q(\) have, at least

over Q(\), quaternionic multiplication by the indefinite quaternion algebra over Q
of discriminant 6: one evidently has endomorphisms by Z[(;], and one also has the

endomorphism

1

o e

, € GLy(C),
2 A+ (2)7] 0

o=

which squares to multiplication by 2. However to run our argument we must be
much more precise about the field of definition of the quaternionic multiplication
of the A,. Thankfully this too is made simple by the analysis done in Deines-

Fuselier-Long-Swisher-Tu’s [42].
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First and foremost, as we have already noted in both Chapter [10|and above,
it is evident that the endomorphism (3 is defined over Q((s, A), and so Z[(3] —
Endg(gs ) (Ax)-

We claim that indeed the base change A,/Q ((3, A, |:>\ - (%)2} é) has quater-
nionic multiplication by an order in the indefinite quaternionic algebra over Q of
discriminant 6. To see this we will argue indirectly by using Faltings” proof of the
Tate conjecture for abelian Varieties

For A € Q, because Ay/Q()\) is of GLy(Z[(3])-type over Q((3, \), to each prime

p C Z|[(3] there is a corresponding 2-dimensional Galois representation

ppa t Gal(Q/Q(Gs, A) = GLa(Z[G],).

and indeed the 4-dimensional Galois representation Gal(Q/Q((3,\)) — GLa(Z,)

(here p[(p)) corresponding to the Tate module 7},(Ay) decomposes as pyx © Py,

where the * denotes the action of complex conjugation on Z[(3] and thus Z[(3],.
Again following Deines-Fuselier-Long-Swisher-Tu’s [42], we see (from count-

ing points on the reduction of X and its twists modulo q in the usual way) that,

foralln € Z7,

{tr(pp.x(Froby)), tr(py A (Frobg)) }

2 = 72
non 7o
=q (=1 - (Nmq)" - o3 A ,=n(=1) - (Nmq)" - 2/ A

n
(Nm q)™ (Nm g)™

>We will of course only take A € Q so that we may apply Faltings’ proof of the Tate conjec-
ture in this context. Presumably one can simply write down the extra endomorphism explicitly
as a correspondence on X, (using e.g. the explicit transformation z — {15 that proves the Euler
transformation formula for hypergeometric functions which underlies the endomorphism, at least

at the level of periods), but we do not yet see how.
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. . o (Nmq)" 1
) is the sextic character lifting a — a G €

Here 7 : F(qu)n = g & 06(43,/\

e (mod q), and, for «, B,y : FX — C*, writing triv for the trivial character,

211 o« 0 z | =triv(z)- M

Y z€elF,
q

is the usual Gauss hypergeometric function over F,.
By the IF,-analogue of the Euler hypergeometric identity — proven in the same
way via the change of variables = — =% — and an evaluation of a ratio of Jacobi

sumg’} it follows that:

[\&]

M
33

=3,
>
Il
33
R
>~
7 N
[a—y
pp‘ |
>
~__
[N}
~__—

[\&]

:u
3|
33|

[\]
>~

(Nm g)™ (Nm g)™

Moreover, we of course have that n(—1) = 7(—1).

Therefore, upon restricting to Gal <@/ Q (Cg, A, [)\ : (%)2] 6) ) , we find that:

Y

(Ppr ®2 Q) = (P ®2 Q)

- <@/@ <w7 () é)) Gal <@/@ <C37>\, [ (452)7] é))

%See e.g. Proposition 9 of Deines-Fuselier-Long-Swisher-Tu’s [42]. At the infinite place the eval-
uation of the resulting ratio of Jacobi sums amounts to the statement that

NOBYOIP
ryTe "

which follows from the usual duplication formulaI'(z)-T" (z + §) = 2'7%*.I' (3)-I'(2z) at z = +. The
corresponding statement at a finite prime is proven in the same way — the duplication formula is
a particular case of the I'-function multiplication theorem, whose finite-field analogue is the Hasse-
Davenport relation. Note that this is the provenance of the constant 4 in the models for our curves

Ca/Q.

)
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since their Frobenius traces match. In other words

End((; <§37)\, x(l;*)Q]%) (Ax) ®q Qp =~ EHdGal<Q/Q (C37)\7[>\,(12)\)2]é>> ((/)p,)\ D Py.r) Dz Q)

is strictly larger than Q[(3] ®g Q,. Because we know from our discussion of
periods that Endg(A,) contains the indefinite quaternion algebra over Q of
discriminant 6, it follows from the Albert classification that either the base
change A4,/Q ((3,/\, |:)\' (%)2} é) is not simple and thus the square of an el-
liptic curve with potential CM, or else A, acquires quaternionic multiplication
by an order in the indefinite quaternion algebra over QQ of discriminant 6 over
Q (Cg, A, [)\- (%)2} é), as desired.

Naturally if L/K is a quadratic extension and A/K is an abelian variety with

A/L L-simple, then

dimg End% (A) > = - dimg End) (A).

NO| —

Indeed, writing id # ¢ € Gal(L/K) for the nontrivial automorphism, one has the
Q-linear diagonalization End} (A) = End} (A)* @ End) (A)~ in the usual way, and
indeed End) (A)* = End%(A). Thus either End}%(A4) = End(A) or else, writing
0 # ¢ € End) (A)~ for an element with o - ¢) = —1), one finds a surjective Q-linear
map

End% (A) - End) (A)~

via ¢ + ¢ o 1. Hence e.g. if dimg End} (A) > 2 - dim A it follows that A/K is of
GLa-type over K.
It follows for example that, for L/Q a CM field with maximal totally real sub-

field L* and P =: (z,y) € C,(L) with f,(P) = % € L7, the abelian surface

Ay,py/ LT is of GLo-type over L((3)", the totally real subfield of the compositum
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L((3). This follows because the defining equation z° + 4y® = a? implies that

fu(P)- <La(f°))2 Gy

4 ab

is a sixth power in L, so that

Q C37fa(P)7 :L(C?))

fa(P) - (—1 - Za(P)f

Applying this when L/Q is totally real gived’| that each P € C,(L) gives rise to
an Ay, (p)/L which is of GLo-type over L = L((3)*.

11.4 Proof of Theorem(11.1.1

Having produced the family A — C, and controlled the field of definition of its

quaternionic multiplication, we are now ready to prove Theorem|[11.1.1

Proof of Theorem[I1.1.1, Let K/Q be a totally real field. Let a € K*. Let C,/ox be
the minimal proper regular model of the curve C, /K. There is an explicit finite set
S, of places of K containing all infinite places of K such that the map C, — Aj
via P — Jac Xy, (p) extends to a finite-to-one map of S,-integral models C, — As.
Enlarging S, to another explicit finite set of places of K if necessary, it follows that
it suffices to find in finite time the image of C,,(K) < C,(0k.s,) = A3(0k s, )-

In other words we find that, for each P € C,(K), the abelian surface Ay, p)/K

is of GLy-type over K and has good reduction outside S,. By Brumer-Kramer [34]

’One could also see this via the equivalent argument that, thanks to the identity of Frobenius
traces we used above, pp x| G.i@/1(c,)) 1S fixed up to isomorphism via the outer automorphism of

Gal(Q/L(¢3)) induced by complex conjugation (which acts by conjugating (3, thanks to our explicit
formula for the automorphism at the level of the curve X)), whence it is the restriction of a 2-
dimensional representation of Gal(Q/L((3) ™). Said another way, the automorphic forms produced
by the argument of Chapter (10 are all base changes of Hilbert modular forms over the relevant
totally real subfields.
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it follows that the conductor of Ay, py/K divides the explicit integer

Nica = [ (Nmpy "
PESa

Let us immediately dispatch the reducible or potentially CM cases. First, using
Baker it is easy to find all products of elliptic curves, and thus products of pairs
thereof, over K with good reduction outside S,. So we may (and will) assume that
all our abelian surfaces Ay, py/K are K-simple.

Similarly, by an observation of Silverberg one has that, if A, p)/Q has suffi-
ciently many complex multiplications, then so does Ay, p)/K(Af,p)[2 -3 -5 T7)).
However the extension K (A, p)[2-3-5-7])/K is of explicitly bounded degree
and ramification, and so lies in an explicit finite set. Thus if Ay, (p)/K is poten-
tially CM, it must be CM over an explicit finite extension K /K. However the
K-simple abelian varieties over K with CM defined over K are explicitly com-
putable, since they correspond to one of an explicit finite set of CM types (namely
the reflex types of the CM types of CM subfields of K). So we may (and will) as-
sume that all our abelian surfaces Ay, p)/K are not potentially CM, and thus e.g.
End?((g;,»)(Afa(P)) = End?@(Afa(P))~

Let us now produce an explicit finite set F of quadratic fields F'/Q for which,
for each P € C,(K), thereis an Fp € F such that Ay, p)/K is of GLy(Fp)-type over
K.

Let ¢ € Z" be a prime that is explicitly sufficiently large with respect to both

Nk, and K/Q. Let 3, be the finite set of primes of K lying over g € Z™. Let
T := output of FaltingsPrimeList(2, K, S, U X,, ¢%).
Let T be the finite set of primes of K ((s3) lying over a prime in 7.

249



Let
A= {(am)mef eZT VP eT, |ay| <2 \/qus} .

Let U be the explicit finite set of characters ¢ : Gal(Q/K) — F ., regarded as finite-
order characters Gal(Q/K) — ;21 < @; via the canonical lifting character, that
are unramified outside S, U X,.

Foreachd € A, v € ¥, and P € T, write p C ok for the prime of K below
B C ok, (thusp € T). If p is split in K ((3), write bf,a’w := ayp. Otherwise (thus p is

inert in K ((3) by construction) let bgd’w) € Q be a solution of the equation

(b5™)? =2 () - Nmp = ag.

Write, for each @ € A and ¢ € V,

Flay) = @({bﬁa’w)}meﬂ

Let
Fi={Fapld €Ay €V [Fay:Q <2},

We claim that, for all P € C,(K), thereis an F' € F such that the abelian surface
As.py/ K is of GLy(F)-type over K.

Write £/Q for the quadratic extension for which Ay, p)/K is of GLy(E)-type
over K, so that our claim is that £ € F. Write q C og with q|(¢q) for a prime of £
over q. Note that Nm q| ¢%. Let pp, : Gal(Q/K) — GLa(0g4) be the corresponding
2-dimensional Galois representation. By construction pp, is unramified outside
Sa U X4 Moreover, because the Hodge-Tate weights of pp, at all primes over ¢ are
{0, -1}, it follows that 1p := det ppq - x, " is of finite order, where Y, is the g-adic
cyclotomic character. However evidently v p is also unramified outside S, U ¥, so

that ZZJP e v,

250



Recall that pp gl x(c,)) has Z-integral Frobenius traces (by the identity of
finite-field analogues of hypergeometric functions we used above). Thus by purity
dp = (tr(ppq(Froby)))pes € A.

Finally the polynomial identity tr(A4%) = tr(A)* — 2 - det A for two-by-two ma-
trices (and the fact that Froby = Frob, or Frobﬁ if p is split or inert, respectively)

implies that, forallp € T,
tr(ppq(Froby)) = :I:bf,dp’wp).

Therefore F") := Fz, 4, = Q({tr(ppq(Froby))}ser). It remains to show that
E = F®). Certainly because tr(ppq(Frob,)) € E for all p € T we have that F'"") C
E, so that it suffices to show that F'") # Q. But were F''’) = Q, then the conjugate
representation pp, ®z Q : Gal(Q/K) — GLy(E,;) would have Frobenius traces
matching those of pp, @7z Q at primes p € 7. Hence by Faltings” Lemma (Lemma
in Chapter[7) the two would be isomorphic, which would imply that

Endg (A, p) ®¢ Qq = Endg. @) (0P © Ppg) @2 Q) = Ma(Ey),

whence by the Albert classification either Ay, p)/K is not K-simple, or else it has
quaternionic or complex multiplication defined over K. Since we have already
dealt with the first and third cases, and because it is impossible for an abelian
surface to have quaternionic multiplication defined over a field with a real place
(consider End (A, p)) ~ HY (A, p)(R),Q)), we obtain the desired contradiction.

Thus E = F) and so indeed E € F, as desired.

Finally we apply Theorems [9.1.1] and [9.1.2] of Chapter [J] for eachf| F € F to

obtain bounds on h(Ay, p)), whence we conclude. O

8Note that if A/K has o < Endg(A) and o C 0o’ is of finite index, then the Serre tensor product
A = A®,0 haso’ — Endg(A’) and also A ~ A’. Thus via Masser-Wiistholz it suffices to apply

Theorems and of Chapter [f|to maximal orders only.

251



To keep the example self-contained, let us explain the key points that we are
implicitly using by citing Chapter [9] at least in the case of [K : Q] odd. Let now
F € F, and let us restrict ourselves to searching for GLy(F')-type abelian surfaces
over K which are K-simple and not potentially CM.

Suppose for the moment that we have produced an explicit finite set £ of odd-
degree extensions of K for which, for all K-simple, non-potentially-CM, GLy(F')-
type abelian surfaces A/K with good reduction outside S,, there is an L € L
for which the base changed GL(F)-type abelian surface A/L is modular, in the
sense that it corresponds to a parallel weight 2 Hilbert modular eigencuspform on
GLy/L. Then we are done: we deduce (via Jacquet-Langlands transfer) that A/L
is an L-isogeny factor of the square of the Jacobian of an explicit Shimura curve
with explicit level structure (depending on N ,, which by local-global compatibil-
ity bounds the level of the corresponding parallel weight 2 Hilbert eigencuspform

on GLy/L), whence we conclude via the usual combination of Masser-Wiistholz

and Bost (i.e. Theorems[7.2.2]and [7.2.3)of Chapter[/): if B/L is an L-isogeny factor

of C/L, then by Poincaré complete reducibility there is a B'/L with C ~; B x B’,
whence h(B) = h(B x B') — h(B’) is bounded explicitly in terms of h(C), [L : Q],
and dim B.

So it suffices to determine such a finite set of extensions £. To do so we first
observe, via Lemma of Chapter [0} which is an explicit form of a result of
Dimitrov, that, once ¢ >rk v, , 1 is sufficiently large, writing q|(q) for a prime
of F' above the prime ¢ € Z%, the residual representations p, »/x : Gal(Q/K) —
GLy(0r/q) of all GLy(F)-type abelian surfaces A/K with good reduction outside
S, have image containing SL,(IF,) and thus satisfying the Taylor-Wiles hypothesis.

Choosing such a ¢, we determine the finitely many possible residual represen-
tations Gal(Q/K) — GLa(op/q) via Minkowski — after all they correspond to

number fields of bounded degree (e.g. < ¢'°"’) and ramification (since they are
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unramified outside S, U £,). We then follow Snowden’s [95] proof of Taylor’s po-
tential modularity theorem, which produces from the finitely many possible resid-
ual representations a finite set £’ of totally real Galois extensions of K for which
all K-simple, non-potentially-CM, GL,(F')-type abelian surfaces A/K are modular
over an L' € L. Each step is explicit, though there is one worth commenting on:
in the key step of the argument Taylor uses Moret-Bailly’s theorem to prove that a
certain twist (depending on a given residual representation) of a Hilbert modular
variety with level structure has a point over a totally real Galois extension of K
— in our case one need only observe that one can therefore find such a point in
tinite time by simply e.g. enumerating rational points of larger and larger height
and degree.

We then note, as Snowden does, that, by solvable descent for GL,, writing H C
Gal(L'/K) for a 2-Sylow subgroup (which is therefore solvable) and L := (L),
modularity of an A/K over L' implies modularity over L, which now has [L : K]
odd. Thus we determine an explicit finite set £. As we saw above, by Masser-

Wiistholz and Bost, this suffices.

11.5 Nontriviality of the example.

Naturally it would not be interesting to provide a finite-time algorithm determin-
ing the totally real points on C' := () if e.g. C only had finitely many totally real
points at all. So we must check something to see that the example we have given
is not tautological.

Now, by again applying Moret-Bailly’s theorem, one knows that, because C(R)
is evidently infinite, there are infinitely many totally real points on C. However

one can easily explicitly construct such totally real points, as follows.
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One checks that, over e.g. the totally real cubic field K := Q[t]/(t* — 4t + 2), the
elliptic curve over Q with plane cubic model E : z* 4+ 4y®> = 1 and marked point
(1,0), which is isomorphic to Ey 108 : y* = 2® — 108 over Q via a : E ~ Ep_108

taking

Yy 1+
— (12 18 -
(z,9) ( T 1—:::)’

has positive rank, with an infinite-order point given by the image oiﬂ
P = (4—p* 8 —2p%) € Epa(K)

under the 3-isogeny 5 : Ey4 — Ey _10s Via

3+ 16 y-(x3—32))

(z,y) — ( ,

2 3

where we have written p € K for the image of t € Q[¢].

Now, because P, and thus () := S(P), is nontorsion, it follows from the pi-
geonhole principle that there are n, € Z* with n; < ny < --- such that, for all
o: K < R, o(n;-Q) € Ey_10s(R) converges to «((1,0)) = oo € Ep_108(Q) as
i — oo. Writing (z;,v;) := a~'(n; - Q) € E(K), itin particular follows that z; € K is
totally positive once ¢ > 1. Of course because () is nontorsion it also follows that
the set {z;};cz+ C K is infinite.

The desired infinite set of totally real points on C'is simply

(VT i) € C(E (V).

Finally let us show in similar fashion that there are infinitely many twists C,
with an odd-degree totally real point, so that Theorem [11.1.1| is nontrivial even

over odd-degree totally real fields.

‘Indeed, (8 — 2t2)2 — (4 —t2)2 +4) = (3 — 4t + 2) - (¢3 — 4t — 2) in Z[¢].
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We will instead use the totally real cubic field L := Q[t]/(t* — 5t + 1). One
checks that the elliptic curve Fj15/Q with Weierstrass model Ej 16 : y*> = 2* + 16
has positive rank over L. Let R € Ej6(L) be a nontorsion point. Write, for each

n € Z*, (an,by) :==n- R € Ey16(L). Thus the set {b, },cz+ C L is infinite, and one

rea(5)=(5)

so that (1,%) € C b (L) # 0. Of course if one prefers one can clear denominators

has that

and use that L has class number one to write a,, =: 3, b, =: fl—g with d,,, s, t, € oy,

and (d,, s,) = (d,,t,) = (1), so that the equality reads
(2d,)° + 4+ (s0)* = (2,)%,

i.e. (2d,, s,) € Co, (L) # 0, but this is simply aesthetics.
Thus we see that the example was not completely trivial. We therefore conclude

the chapter and this thesis.
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