
Theorem (Gauss). Let p 6= q ∈ Z+ be odd primes. Then:
(
p
q

)
·
(
q
p

)
= (−1)

p−1
2 ·

q−1
2 .

Proof. Let G(n) :=
∑
x∈Z/n e

2πix2/n, and note that, since G(pq) =
(
p
q

)
·
(
q
p

)
· G(p) · G(q), it suffices to

show that G(n) =
√
n ·

{
1 n ≡ 1 (mod 4)

i n ≡ 3 (mod 4)
for odd n ∈ Z+ with e.g. at most two prime factors (evidently

|G(n)|2 = n). Let ϕ ∈ C∞
([
−n4 ,

3n
4

])
be such that ϕ|[−n+1

4 , 3n−1
4 ] = 1, so that

G(n) =
∑
x∈Z

ϕ(x) · e2πix
2/n =

∑
ξ∈Z

ˆ
R
dxϕ(x) · e2πi

(
x2

n −x·ξ
)
= n ·

∑
ξ∈Z

ˆ 3
4

− 1
4

dxϕ(n · x) · e2πin·(x
2−x·ξ).

After repeated use of the integration by parts identity (note also that ϕ′|[−n+1
4 , 3n4 ]

= 0, so that ϕ′(n · x)

is only nonzero on an interval of length� 1
n )
´
f · eg = −

´ (
f
g′

)′
· eg , we see that the contribution of the

terms with ξ 6= 0, 1 is� 1. Thus

G(n) = O(1) +

ˆ 3n
4

−n
4

dxϕ(x) · e2πix
2/n +

ˆ 3n
4

−n
4

dxϕ(x) · e2πi(x
2/n−x) = O(1) + (1+ i−n) ·

√
n ·
ˆ 3

√
n

4

−
√

n
4

dx e2πix
2

.

Because
´
R dx e

2πix2

= 1+i
2 , we see that G(n) =

√
n ·
(

(1+i−n)·(1+i)
2 + o(1)

)
. Replacing n by n2k+1 via

G(n2k+1) = nk ·G(n) and taking k →∞we deduce G(n) =
√
n · (1+i

−n)·(1+i)
2 as desired.
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