
Theorem. Let n ∈ Z+. Let Φn(x) :=
∏

a∈(Z/n)×(x− en(a)) ∈ Z[x].1 Then: Φn is irreducible.

Proof. Let f ∈ Z[x] be such that f(en(1)) = 0. Let a ∈ (Z/n)×. By Dirichlet’s theorem there are in-
finitely many primes p ≡ a (mod n). For each such p let p be a prime of Q(ζn) above p. Because f(xp) ≡
f(x)p (mod p) it follows that p | f(ζan). Thus f(ζan) = 0 and so Φn | f .

1Here en(a) := e
2πia
n as usual.
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